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Symmetries and continuous attractors in 
disordered neural circuits
 

David G. Clark    1,2,3,6  , L. F. Abbott    1,2 & Haim Sompolinsky    3,4,5

A core challenge in neuroscience is reconciling idealized models with 
experimental data. Classical continuous-attractor models describe 
neural representations of continuous variables such as head direction. 
Symmetry in the weights generates a manifold of stable states, with tuning 
curves identical up to shifts. Rodent head-direction cells, by contrast, are 
markedly heterogeneous. Such heterogeneity, we show, is nevertheless 
compatible with these models. Here we build, directly from head-direction 
cell data, recurrent networks that behave as quasicontinuous attractors. 
A generative process then reproduces the heterogeneous tuning of 
these cells while making connectivity and dynamics tractable at large N. 
Although the weights appear disordered, they carry a circular symmetry 
whose eigenvalue degeneracies could signify continuous-attractor 
organization in connectome data. Dynamical mean-field theory 
recovers the ingredients of classical ring attractors, namely, Mexican hat 
interactions and a spontaneously broken symmetry producing bump 
states. Continuous-attractor mechanisms may thus operate in complex 
mammalian circuits.

Organisms from flies to humans maintain mental representations of 
continuous variables, including those relevant for navigation, such as 
self-orientation and location. Continuous-attractor models explain 
how networks of neurons, each individually lacking memory, sustain 
these representations through collective dynamics. In these models, 
the weights generate a manifold of stable states matching the group 
structure of the encoded variable, providing working memory and, 
with velocity inputs, integration of this variable.

Specifically, classical continuous-attractor models build such 
manifolds from three ingredients1. First, neurons must transform 
input currents into firing rates nonlinearly. Second, the weights must 
support Turing pattern formation, typically through a Mexican hat 
profile with local excitation and longer-range inhibition (Fig. 1b). Third, 
these weights must possess a continuous symmetry corresponding 
to the encoded variable (circular for head direction, two-dimensional 
for grid-cell responses and so on; Fig. 1a). The essential mechanism is 
the spontaneous breaking of this symmetry, after which the resulting 

stable states form a continuous manifold inheriting the symmetry of 
the weights and thus of the encoded variable. One direct consequence 
is that tuning curves are identical up to neuron-specific shifts (Fig. 1c). 
The canonical example is the ring-attractor model for circular vari-
ables such as head direction or stimulus orientation2–5, realized in the 
central complex of Drosophila melanogaster6–9 and, more recently, 
in zebrafish10.

We ask how mammalian brains represent continuous variables. 
Rodents possess head-direction cells, analogous to the fly heading 
representation, in regions including the anterodorsal thalamic nucleus 
and the postsubiculum11,12, and grid cells, which represent location 
through hexagonally arranged firing fields, in the medial entorhinal 
cortex13,14. Whether these are instances of the classical mechanism 
remains open. A hallmark prediction of continuous-attractor models 
is that intrinsic circuit structure confines activity to a low-dimensional 
manifold even without sensory drive. In agreement with this prediction, 
manifold confinement persists during sleep in both head-direction 

Received: 28 January 2025

Accepted: 13 August 2026

Published online: xx xx xxxx

 Check for updates

1Zuckerman Institute, Columbia University, New York, NY, USA. 2Kavli Institute for Brain Science, Columbia University, New York, NY, USA. 3Kempner 
Institute for the Study of Natural and Artificial Intelligence, Harvard University, Cambridge, MA, USA. 4Center for Brain Science, Harvard University, 
Cambridge, MA, USA. 5Edmond and Lily Safra Center for Brain Sciences, Hebrew University of Jerusalem, Jerusalem, Israel. 6Present address: Center for 
Computational Neuroscience, Flatiron Institute, New York, NY, USA.  e-mail: dclark@flatironinstitute.org

http://www.nature.com/natureneuroscience
https://doi.org/10.1038/s41593-026-02452-4
http://orcid.org/0000-0002-2397-6992
http://orcid.org/0000-0003-1163-5688
http://orcid.org/0000-0002-0322-0629
http://crossmark.crossref.org/dialog/?doi=10.1038/s41593-026-02452-4&domain=pdf
mailto:dclark@flatironinstitute.org


Nature Neuroscience

Article https://doi.org/10.1038/s41593-026-02452-4

connectivity structure, such as the circulant weight matrix of a ring 
attractor, it remains unknown which features, if any, are conserved 
between classical models and heterogeneous circuits and therefore 
what connectome analyses should target.

Recent work has begun to address these questions separately. 
Regarding question (1), Mainali et al.27 modeled a population of hip-
pocampal place cells as nonlinearly transformed Gaussian-process 
samples, capturing topological features of place fields across dimen-
sionalities and environments; we take a similar approach here. Regard-
ing question (2), several constructions of networks with heterogeneous 
continuous-attractor manifolds already exist28–32, and constructability 
is in any case guaranteed on general grounds by the universal approxi-
mation capability of recurrent networks33 (Supplementary Note 1). 
However, prior works were unconstrained by the statistical structure 
of real data and did not establish a relationship to classical models or 
identify which connectivity features are shared with them.

This paper addresses questions (1) and (2) within a unified frame-
work, showing that heterogeneous mammalian circuits could rely on 
the same symmetry-based mechanism as classical continuous-attractor 
models (Fig. 1d). We focus on the rodent head-direction system. Examin-
ing recordings from postsubicular head-direction cells in freely mov-
ing mice16, we first show that their tuning heterogeneity rules out the 

cells, where the manifold has ring topology15,16, and grid cells, where it 
has toroidal topology17–20.

We now revisit the list of classical continuous-attractor ingredi-
ents. Mammalian circuits possess the requisite nonlinear neurons and 
strong recurrent excitation and inhibition, yet, at least in the regions 
we consider, their tuning to continuous variables is markedly different. 
Whereas classical weights make tuning curves identical up to shifts, 
these mammalian responses are diverse. This heterogeneity appears 
in the rodent head-direction system, which we examine in detail; in the 
medial entorhinal cortex, where the pristine periodicity of classical 
models is confined to a small subset of grid cells21–23; and elsewhere 
in the brain24.

These observations raise two interconnected questions:

	(1)	 What is the nature of heterogeneous tuning in biological neural 
circuits?

	(2)	To what extent are classical models, based on dynamical break-
ing of continuous symmetry, relevant to such circuits?

Question (2) has practical implications given the growing availabil-
ity of large-scale electron microscopy reconstructions of synaptic con-
nectivity, or ‘connectomes’, in the mammalian cortex25,26. In particular, 
while classical continuous-attractor models exhibit easily identifiable 
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Fig. 1 | Classical ring-attractor models and postsubicular head-direction cell 
data. a, Schematic of a classical ring-attractor model with rotation-invariant 
weights. E, excitatory; I, inhibitory. b, Circulant, Mexican hat weight profile 
characteristic of classical ring-attractor models. c, Tuning curves predicted by 
classical ring-attractor models, identical in shape up to neuron-specific shifts 
and tiling the θ axis. d, Schematic of the analyses. Neural data are used to build 
a data-derived recurrent neural network (RNN) model and to fit a generative 
process, which in turn allows larger network models and dynamical mean-field 

analysis. e, Randomly selected single-neuron tuning curves (arbitrary units) from 
postsubicular head-direction cells16,39 for the four mice with the most recorded 
neurons. Partitions 1 and 2 are unsmoothed curves from two disjoint partitions 
of the recording; smoothed curves result from cross-validated smoothing 
(Methods). f,g, Mean (f) and standard deviation (g) of center-of-mass-aligned 
tuning curves, taken across neurons within each mouse; mouse average is across 
all n = 31 mice, Ndata = 1,533 neurons in total.
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recorded neurons themselves forming a classical ring-attractor circuit. 
Their tuning could instead arise from feedforward input from a classical 
ring attractor elsewhere34,35, from distributed dynamics across regions or 
from local recurrence. Whichever holds, understanding how recurrent 
connectivity alone can generate heterogeneous continuous-attractor 
manifolds is broadly relevant given the prevalence of such tuning across 
mammalian regions24. We therefore build a recurrent network directly 
from the measured tuning curves, as has been done in other systems36–38, 
and find that it behaves as a continuous attractor.

To go beyond the population sizes available experimentally, we 
develop a statistical generative process for sampling synthetic tun-
ing curves, addressing question (1). A circularly symmetric Gaussian 
process motivated by the experimental tuning-curve distribution 
reproduces the statistical structure of biological head-direction cells 
quantitatively across multiple measures. We then compute and analyze 
optimal weight matrices at large N that generate such tuning. Although 
these matrices appear disordered, they encode an underlying circular 
symmetry, which manifests as doubly degenerate eigenvalues. The 
symmetry is realized differently than in classical models2 and other 
constructions28, which embed it along orderly Fourier eigenvectors, 
whereas ours embeds it along random, disorderly eigenvectors. For 
connectomics, this contrast implies that eigenvalue degeneracies, 
rather than eigenvector structure, could be a more robust signifier of 
continuous-attractor organization.

Finally, we develop a dynamical mean-field theory for these net-
works, yielding a central result that answers question (2). The effec-
tive large-N description recovers all three ingredients of classical 
continuous-attractor models, namely a nonlinear activation function, 
Mexican hat interactions and continuous symmetry. Spontaneous sym-
metry breaking then generates stable bump states through a Turing 
instability. Angular velocity inputs are faithfully integrated within 
these mean-field dynamics. We extend this framework to higher dimen-
sions by modeling grid cells in the medial entorhinal cortex, which are 
thought to constitute a toroidal attractor manifold.

Results
Failure of classical ring-attractor models
We analyzed recordings of head-direction cells from the postsubiculum 
of freely moving mice16 (data are publicly available at ref. 39). Dusz-
kiewicz et al.16 emphasized the relative stereotypy of these cells by 
contrasting them with more heterogeneous fast-spiking neurons. Even 
these comparatively stereotyped cells, however, depart markedly from 
classical predictions, as we show below.

We analyzed Ndata = 1,533 excitatory neurons, pooled across 31 
mice, identified as head-direction cells by Duszkiewicz et al.16 on the 
basis of significant head-direction information, with no constraint on 
tuning-curve shape such as unimodality. Tuning curves were computed 
as occupancy-normalized spike counts in 100 angular bins, denoised 
by cross-validated Gaussian smoothing and normalized to unit mean 
across angles to compare across neurons and animals (Methods and 
Fig. 1e).

Classical ring-attractor models (Fig. 1a,b) predict tuning curves 
identical up to neuron-specific angular shifts (Fig. 1c). Mouse 
head-direction cells instead show substantial heterogeneity, with 
variable numbers of irregularly spaced peaks (Fig. 1e). When tuning 
curves are aligned within each of the 31 mice by their circular centers 
of mass, the mean profiles are unimodal and symmetric (Fig. 1f), but 
the fluctuations about them are comparable in magnitude to the means 
(Fig. 1g), violating the classical prediction of zero fluctuations. Both 
mean and fluctuation profiles are consistent across mice, suggesting 
a universal statistical structure.

Constructing a data-derived network model
To test whether intrinsic recurrent connectivity can nonetheless gen-
erate the observed responses as a continuous-attractor manifold, we 

constructed network models from the experimental tuning curves 
using an optimization principle (Methods).

We modeled a rate-based recurrent network of N neurons. Neuron 
i has input current xi(t) and firing rate ϕi(t) = ϕ(xi(t)), with

τ∂txi(t) = −xi(t) +
N
∑
j=1

Jijϕj(t) + b, (1)

where Jij is the weight from neuron j to i and b is a bias current. We use 
bold symbols for vectors. The decay term −xi(t) makes an isolated neu-
ron relax exponentially to rest with timescale τ = 50 ms, so persistence 
over seconds, minutes or hours must arise from collective network 
dynamics. We chose ϕ(x) to be a ‘softplus’, interpolating between 
zero firing for strongly negative inputs and linear, unit-gain firing for 
strongly positive inputs (Methods and equation (18)).

The normalized tuning curves define a target manifold ϕ∗
i (θ), i = 

1,…, Ndata, embedded in neuronal space and parameterized by θ, whose 
periodicity gives the manifold ring topology. Applying the inverse 
activation function yields the corresponding input-current manifold 
x∗i (θ). These target patterns are a priori unrelated to the dynamical 
variables ϕi(t) and xi(t). We choose J to confine the dynamics to the 
manifold by asking the flow to vanish everywhere on it, ∂txi(t) = 0 at 
every θ.

To prevent runaway activity under the nonsaturating activation 
function, we first normalized the target manifold across neurons so 
that the neuron-averaged firing rate is unity for all θ (Supplementary 
Note 3 and Supplementary Fig. 7). On the manifold, the right-hand 
side of equation (1) is then invariant under Jij → Jij − c / N combined with 
b → b + c. We optimized the weights with b = 0 and afterward chose c 
> 0 large enough to supply the uniform inhibition that stabilizes the 
mean-activity mode (Supplementary Note 3).

We optimized the weights for the vanishing-flow condition by least 
squares, minimizing the loss function

ℒ(J) = 1
N
1
2π ∫

2π

0
dθ

N
∑
i=1

(
N
∑
j=1

Jijϕ∗
j (θ) − x∗i (θ))

2

+ λ∑
ij

J2ij, (2)

subject to Jii = 0. The first term makes the flow vanish when activity lies 
on the target manifold (equation (1)), whereas the second penalizes 
large weights. The solution (Methods) is, for i ≠ j,

Jij =
1
N ∫

2π

0
dθ∫

2π

0
dθ′K−1i,λ (θ,θ

′)x∗i (θ)ϕ
∗
j (θ

′), (3)

where Ki,λ(θ,θ′) = Cϕ(θ,θ′) − N−1ϕ∗
i (θ)ϕ

∗
i (θ

′) + 2πλδ(θ − θ′). The sec-
ond term is related to the constraint Jii = 0 and vanishes at large N. The 
first term,

Cϕ(θ,θ′) = 1
N

N
∑
i=1

ϕ∗
i (θ)ϕ

∗
i (θ

′), (4)

is the two-point correlation function of the target firing rates. Equation 
(3) is Hebbian in form, with ϕ∗

j (θ
′) and x∗i (θ) the presynaptic and post-

synaptic activities, respectively. Because the activation function enters 
only the presynaptic factor, the weights are not transpose-symmetric, 
Jij ≠ Jji, and the dynamics admit no energy function40,41.

The problem appears overconstrained, because continuously 
varying θ imposes infinitely many constraints on the N weights in 
each row. The smoothness of the tuning curves, however, imposes an 
effective frequency cutoff at some D ≪ N, which reduces the number of 
independent constraints to 2D + 1 (‘Weights in the large-network limit’). 
The problem is therefore underconstrained, and infinitely many weight 
matrices achieve zero flow on the manifold. As λ → 0, the optimization 
selects the unique minimum-norm (pseudoinverse) solution.

Biological head-direction systems integrate angular velocity. 
Classical models achieve this by adding a term proportional to the 
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angular derivative of the rotation-invariant weight profile4. Although 
this nominally requires velocity-modulated weights, several biologi-
cally plausible mechanisms can mimic the effect4,6,8,42–44. We generalize 
this construction by replacing x∗i (θ) with (1 + τω(t)∂θ) x∗i (θ) in equation 
(3), which solves the same least-squares problem with a target flow of 
∂txi(t) = ω(t)∂θx∗i (θ), the tangent to the manifold, rather than a target 
flow of zero (Methods).

Dynamics of the data-derived network model
We now examine whether the data-derived network supports a qua-
sicontinuous ring attractor. With neurons in arbitrary order, the opti-
mized weight matrix appears unstructured (Fig. 2a). Ordering neurons 
by the circular centers of mass of their tuning curves reveals a noisy 
approximate Mexican hat structure (Fig. 2b; a similar ordering can be 
recovered from the singular vectors of the weights; Supplementary 
Note 2 and Supplementary Fig. 4).

We define a quasicontinuous-attractor manifold as an invariant 
manifold with fast, attracting normal flow and slow tangential flow, 
a separation of timescales. This dynamical criterion is more robust 
than counting fixed points, which are unreliable indicators of attractor 
quality45. The optimized weights make τ∂txi(t) vanishingly small every-
where on the target manifold (Supplementary Fig. 9), but near-zero 
flow alone does not ensure that activity remains on the manifold or 
returns to it when perturbed. The uniform inhibition stabilizes the 

(N − 1)-dimensional hyperplane of unit mean activity, but does not 
stabilize the one-dimensional manifold within it.

Despite their apparent disorder, the optimal weights pro-
duce quasicontinuous-attractor dynamics. Initialized at regularly 
spaced manifold points perturbed by noise, trajectories return 
to the manifold within ~1 s (Fig. 2f) and then persist over 30 s 
(Fig. 2e), an order-of-magnitude separation between convergence 
and drift timescales. Furthermore, the target manifold is globally stable 
(Supplementary Fig. 11b).

Before turning to the nature of the disorder, we consider why 
stability emerges. Although not explicitly imposed, it follows from the 
minimum-norm prescription. The network Jacobian on the manifold 
is −δij + Jijϕ′(x∗j(θ)), and because the minimum-norm weights are small, 
most of its eigenvalues are substantially negative, giving rapid relaxa-
tion. Non-minimum-norm constructions instead add structure in the 
directions the tuning curves leave unconstrained, which can impair 
stability (Supplementary Note 4). This stabilization therefore relies 
on overparameterization46,47.

Are the optimal weights simply a circulant matrix plus weak noise? 
To test this, we constructed the circulant and circulant-plus-noise vari-
ants of the sorted weights (Supplementary Note 3) and compared the 
steady states reached after 30 s of evolution from perturbed manifold 
points. The optimal weights (Fig. 2b) maintain a continuum of stable, 
heterogeneous states (Fig. 2g). Averaging the sorted weights along 
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with neurons in arbitrary order. b, The same matrix, with neurons ordered by 
their tuning-curve circular centers of mass. c, Circulant version of b, obtained by 
averaging along diagonals. d, Matrix in c plus noise from randomly permuting 
the residuals between b and c. e, Network dynamics in the first three principal 
components (PC) of the target manifold. Crosses are initial conditions, which 
perturb the input currents off the target manifold; lines are 30-s trajectories, 
colored by initial-condition angle; and dots are final states. Initial conditions 
appear inside the manifold because the perturbation is applied to the input 

currents while the projection is computed in firing-rate space, which shrinks the 
radial coordinate. f, Distance from each trajectory of e to the target manifold, 
divided by √N , over the first 20 s. g–i, Steady-state activity across ordered 
neurons at manifold coordinate θ, not to be confused with tuning curves across θ, 
for the weight matrices of b (g), c (h) and d (i), with neurons ordered as in b. COM, 
center of mass. j–l, Overlap order parameter m(θ, t) (equation (5)), with constant 
angular velocity input, ω = 0.8 rad s−1 (j), angular velocity input from mouse 
head-direction recordings (k) and mouse head-direction cell recordings (l);  
n = 117 neurons in 100-ms spike-count bins from mouse A3707.
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diagonals gives a circulant matrix (Fig. 2c) whose bumps are identi-
cal up to translation, as in classical models (Fig. 2h). Adding back the 
scrambled residuals gives a circulant-plus-noise matrix (Fig. 2d), and 
this network collapses onto a few discrete states within the 30-s win-
dow (Fig. 2i), so its tangential drift occurs on the same timescale as its 
convergence, violating the separation-of-timescales criterion. The 
optimal weights are therefore not a noisy circulant matrix, and the 
nature of their apparent disorder is essential.

To characterize the alignment between network firing rates ϕi(t) 
and the target manifold ϕ∗

i (θ), we define an overlap order parameter

m(θ, t) = 1
N

N
∑
i=1

ϕ∗
i (θ)ϕi(t). (5)

If activity lies exactly on the manifold at coordinate ψ, then m(θ, t) = 
Cϕ(θ, ψ) (equation (4)), a localized bump peaked at ψ. Under angular 
velocity input this bump travels, remaining centered on the integrated 
displacement. Classical ring-attractor models are described by an 
analogous order parameter with steady-state bumps. For a constant 
input ω = 0.8 rad s−1, m(θ, t) tracks the input accurately (Fig. 2j), and the 
network also follows the more complex trajectories of the behavioral 
data (Fig. 2k).

The same order parameter can be computed from recordings, 
without network construction, by taking ϕ∗

i (θ) to be the measured 
tuning curves within one mouse and ϕi(t) the binned spike counts. The 
resulting bump tracks the animal’s head direction (Fig. 2l) and closely 
resembles that of the model (Fig. 2k), consistent with neural activity 
residing on a manifold aligned with the one defined by the tuning 
curves (prior work by Chaudhuri et al.15). The peak of m(θ, t) is, under 
certain assumptions, the maximum a posteriori estimate of head direc-
tion (Supplementary Note 3).

Statistical generative process
Single-mouse sessions contain at most 𝒪𝒪(102) neurons, and pooling 
across mice yields Ndata = 𝒪𝒪(103), a small fraction of the postsubicular 
head-direction cell population in a single brain. We therefore develop 
a generative process describing the distribution of responses. Besides 
answering question (1), this lets us apply the optimization of equation 
(3) the previous section’s optimization to synthetic populations of 
arbitrary size, enabling the large-N analysis underlying our answer to 
question (2).

Although tuning curves are heterogeneous, they could arise from 
a generative process that possesses circular symmetry. To this end, we 
examined the distribution of center-of-mass angles within each mouse 

(Fig. 3a). The analysis must be done using a within-mouse approach 
because relative phases cannot be compared across animals. The distri-
butions appear uniform (Fig. 3b), and the Kuiper test rejects uniformity 
in 2 of 31 sessions (P < 0.05) before multiple-comparison correction and 
in none after Benjamini–Hochberg correction, where the corrected P 
values across the 31 sessions range from 0.59 to 0.97.

As a stronger test, we computed the two-point correlation function 
of tuning curves, Cϕ(θ,θ′) (equation (4)), over increasingly large ran-
dom subsets of neurons within a mouse. This function approaches a 
circulant form (Fig. 3c), as does the centered and variance-normalized 
correlation function, whose eigenvectors converge to Fourier modes 
(Supplementary Fig. 13), both being predictions of circular symmetry.

We developed a two-step generative process that incorporates 
this symmetry (Methods). First, an input-current tuning curve x*(θ) is 
sampled from a circularly symmetric Gaussian process with 〈x*(θ)〉 = 
0, ⟨x∗(θ)x∗(θ′)⟩ = Γx(θ − θ′), where the correlation function depends 
only on the angular difference Δθ = θ − θ′, as distributional circular 
symmetry requires. It is parameterized as a wrapped Gaussian,

Γx(Δθ) =
∞
∑

p=−∞
exp (−σ2

2 (Δθ + 2πp)
2) , (6)

where σ controls the typical number of peaks in the sampled tuning 
curves or, equivalently, the number of large Fourier coefficients 
Γ̂xn = exp(−n2/2σ2)/√2πσ2  (Fig. 4a,b and Supplementary Note 2). Sec-
ond, these input currents are transformed into firing rates by a normal-
ized softplus function (Fig. 4c, Methods and equation (19)), 
ϕ∗(θ)= log(1 + eβ(x∗(θ)−b))/Z[x∗], where β controls sharpness and b sets 
a soft threshold. The functional Z[x*] normalizes the θ-averaged firing 
rate to unity, which puts all tuning curves on a common scale and ampli-
fies otherwise subtle tuning features (Methods). We denote by Γϕ(Δθ) 
the induced firing-rate correlation function, of which Cϕ(θ,θ′) (equa-
tion (4)) is the finite-N estimate.

Rather than fitting session-specific parameters, we sought a 
single-parameter set (σ, β, b) capturing the statistical structure across 
all recordings by minimizing the difference between the empirical 
two-point correlation function, pooled across mice, and that of the 
generative process. This yields (σ, β, b) ≈ (1.42, 2.77, 1.73; Fig. 4d–f) 
and tuning curves closely resembling the experimental ones (Fig. 4g).

We validated the process against several statistical features (Fig. 5 
and Methods). The predicted center-of-mass-aligned mean and fluc-
tuation profiles match the data (Fig. 5a,b and ‘Failure of classical 
ring-attractor models’). The process also reproduces the distribution 
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of peak counts per tuning curve across detection thresholds zthresh, 
with strongest agreement at higher thresholds (Fig. 5c), and the full 
distributions of tuning-curve values at the three highest peaks (Fig. 5d). 
It captures the distribution of flip-symmetry correlations ρflip (each 
curve’s correlation with its center-of-mass reflection), particularly 
the strongly asymmetric tail (Fig. 5e, inset), and the distribution of 
head-direction information IHD (ref. 48; Fig. 5f). The three-parameter 

process therefore captures universal statistical structure in the rodent 
head-direction system.

Weights in the large-network limit
We now apply the generative process to study the optimal weight matrix 
J in the limit N → ∞, focusing on its eigenvalues and eigenvectors (Fig. 6a). 
The features we identify at large N are approximately present in the 
finite-size data-derived weight matrix (Supplementary Fig. 14). We 
retain the circularly symmetric input-current correlation function 
Γx(Δθ) with Fourier decay scale σ, but adopt the saturating activation 
function ϕ(x) = 1 + erf (β√πx/2), which permits evaluation of certain 
integrals. Saturation also prevents runaway activity, so the uniform 
inhibition c used for the data-derived network is no longer needed, and 
we drop the soft threshold b and the normalization Z[x*] (Methods). 
This simplified process has parameters σ and β (Methods).

We organize the target input-current and firing-rate patterns x∗i (θ) 
and ϕ∗

i (θ) into matrices X and Φ of size Nθ × N, with θ discretized into 
Nθ bins. Tuning-curve smoothness allows truncation at a Fourier fre-
quency D with σ ≪ D ≪ N, so both matrices have rank 2D + 1 and admit 
singular value decompositions

X = U x diag (S x)(V x)
T

and Φ = Uϕ diag (S ϕ)(Vϕ)
T
, (7)

in which the columns of matrices Ux, Uϕ (size Nθ × (2D + 1)) are the ortho-
normal left singular vectors, the components of vectors Sx, Sϕ (size 2D 
+ 1) are the singular values, and the columns of matrices Vx, Vϕ (size N 
× (2D + 1)) are the orthonormal right singular vectors. The structure of 
J follows from the fact that, as N → ∞ with D fixed, these singular value 
decompositions converge to Fourier decompositions, a limit we derive 
in Supplementary Note 2. With the Fourier modes collected in the col-
umns of the matrix F (size Nθ × (2D + 1)), the left singular vectors Ux and 
Uϕ become F, while the singular values Sx and Sϕ become proportional 
to the square roots of the Fourier coefficients of the input-current and 
firing-rate correlation functions Γx(Δθ) and Γϕ(Δθ), which we collect in 
the vectors Γ̂

x
 and Γ̂

ϕ
 (size 2D + 1). At each non-zero frequency, the 

coefficients occur in equal pairs, a doublet degeneracy. The right sin-
gular vectors then specify how this Fourier representation, which 
defines a geometric ring, is embedded in the neuronal spaces of input 
currents and firing rates, with the ith row of Vx becoming proportional 
to the 2D + 1 Fourier coefficients of x∗i (θ).

The least-squares solution (equation (3)) maps the firing-rate 
manifold to the input-current manifold and can be written J = XT(ΦΦT+
NNθλINθ )

−1
Φ, where we dropped the constraint Jii = 0 in anticipation of 

the large-N limit. Replacing X and Φ with their singular value decom-
positions and taking N → ∞, where the shared limit Ux, Uϕ → F renders 
the two sets of left singular vectors mutually orthonormal, gives the 
singular value decomposition of J (Supplementary Note 2),

J = V x diag (
√√√
√

Γ̂
x

Γ̂
ϕ ) (V

ϕ)
T
. (8)

The same limit makes the overlaps between the two sets of right sin-

gular vectors diagonal, (Vϕ)TVx = α diag (√Γ̂
x
/Γ̂

ϕ
), where α is the aver-

age slope of the activation function (Supplementary equation (69)). 
Consequently Vx and Vϕ are the right and left eigenvectors of  
J, with eigenvalues

λJn = α ̂𝒥𝒥n, where ̂𝒥𝒥n =
Γ̂xn
Γ̂ϕn

. (9)

These eigenvalues are real and doubly degenerate, features inherited 
from Γ̂xn and Γ̂ϕn , and they match numerical diagonalization at N = 2,500 
(Fig. 6c,d).
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To relate J to the weight matrix of a classical ring attractor, we 
interpret its eigenvalues and eigenvectors geometrically (Supplemen-
tary Note 2). Real, doubly degenerate eigenvalues are characteristic 
of a transpose-symmetric circulant matrix, yet J is neither, retaining a 
finite amount of transpose-asymmetry even as N → ∞ (Supplementary 
Note 2). The difference from a circulant matrix must therefore lie in the 
eigenvectors, which are Fourier modes in the circulant case but disor-
dered in J. These degenerate eigenvalues reflect the circular geometry 
of the attractor manifold49, shared between our model and classical 
ones, while the eigenvectors reflect how that manifold is embedded in 
firing-rate space, through Fourier embeddings that give tuning curves 
identical up to shifts in classical models and disordered embeddings 
that give heterogeneous tuning curves in ours (Fig. 6h).

What is meant by ‘disorder’? The elements of Vx are independently 
and identically Gaussian distributed across both rows and columns, 
because its rows hold the Fourier coefficients of independently sam-
pled tuning curves and the Gaussian process leaves distinct Fourier 

coefficients independent and Gaussian by definition. The rows of Vϕ are 
likewise independent, but its columns are not, because the activation 
function applied in θ-space induces subtle higher-order correlations 
among Fourier coefficients (Supplementary Note 1).

This eigenvector disorder undermines a tool for connectome 
analysis, spectral embedding, in which one computes the top eigen-
vectors of a related matrix, assigns each neuron a coordinate from 
its loadings on these eigenvectors and inspects the resulting point 
cloud for geometric structure. This procedure reveals rings in circu-
lant matrices, whose eigenvectors are Fourier modes, but not in our 
model, where the point clouds from Vx and Vϕ are structureless (Fig. 6f 
and Supplementary Fig. 3). The higher-order structure in Vϕ does not 
help, because its scatter plots are no more ordered than those of Vx. 
Sorting neurons by an angle read from the leading two columns of Vx 
can recover a noisy circulant structure, but this procedure is not dis-
criminative of ring-attractor organization, because generic low-rank 
matrices yield the same structure (Supplementary Note 2). Indeed, 
the classical intuition that each neuron should be assigned an angular 
coordinate is fundamentally wrong in our model, because each neuron 
carries not one angle but D angles (Supplementary Note 2).

An alternative model is a circulant matrix added to a background 
of independent random weights (Fig. 6b), a structure we found to be 
dynamically nonviable in the context of the data-derived network 
(‘Dynamics of the data-derived network model’ and Fig. 2d,i). Noise of 
order 1/√N  adds a bulk to the eigenvalue spectrum50 (Fig. 6e), but 
unless it is strong, the Fourier eigenvectors survive intact (Fig. 6g), as 
they do in models where the low-rank component is correlated, through 
learning, with the background, to obtain reliable continuous-attractor 
dynamics28. In our model, by contrast, the eigenvectors are disordered 
by construction. Eigenvalue degeneracy, however, is present in every 
one of these cases. We therefore propose that eigenvalue degeneracy 
is a robust signature of ring-attractor structure in weight matrices, 
such as those from future connectome data.

Dynamical mean-field theory
The previous section identified connectivity features conserved 
between classical models and disordered models but did not relate 
their dynamics. We now describe the dynamics as N → ∞ using dynami-
cal mean-field theory, answering question (2) (Supplementary Note 
2). These effective dynamics exhibit the ingredients of classical 
ring-attractor models, namely a nonlinear activation function (though 
modulated by global activity, as we explain), Mexican hat interactions 
and continuous symmetry. The dynamical mechanism, spontaneous 
breaking of continuous symmetry leading to bump states, is therefore 
conserved. We retain the generative process with the error-function 
activation function (Methods). Convergence to the mean-field behavior 
is shown in Supplementary Fig. 12.

The theory describes the high-dimensional dynamics in terms of 
a low-dimensional order parameter m̃(θ, t), a temporally low-pass- 
filtered version of m(θ, t) (equation (5)). For heading movements with 
small angular acceleration (τ2∣∂tω(t)∣ ≪ 1, satisfied under the behavioral 
conditions), this order parameter obeys

τ∂tm̃(θ, t)

= −m̃(θ, t) + GQ(t) (
1
2π
∫2π0 dθ′ [1 − τω(t)∂θ] 𝒥𝒥𝒥θ − θ′)m̃(θ′, t)) ,

(10)

with interactions 𝒥𝒥(Δθ) and effective activation function GQ(h). This 
equation is identical in form to that of the classical ring-attractor model 
of Ben-Yishai et al.2.

The interactions 𝒥𝒥(Δθ) are circulant and transpose-symmetric 
(𝒥𝒥(Δθ) = 𝒥𝒥(−Δθ)), with Fourier coefficients ̂𝒥𝒥n = Γ̂xn/Γ̂

ϕ
n  proportional 

to the eigenvalues of J. 𝒥𝒥(Δθ) has the Mexican hat profile characteristic 
of pattern-forming systems, with shape set by the Fourier decay scale 
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(Methods).
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σ and sharpness β (Fig. 7a). This profile emerges from the statistical 
structure of the tuning curves (Supplementary Note 2 and 
Supplementary Fig. 5).

The effective activation function GQ(h) (Supplementary equation 
(90) and Fig. 7b) is modulated by the activity-dependent gain Q, a scalar 
that measures the overall excitation across θ. At time t, this scalar is

Q(t) = 1
(2π)2

∫
2π

0
dθ∫

2π

0
dθ′𝒰𝒰ω(t)(θ − θ′)m̃(θ, t)m̃(θ′, t), (11)

where 𝒰𝒰ω(t)(Δθ) is an angular velocity-dependent kernel (Supplemen-
tary Note 2). Like the single-neuron activation function ϕ(x), GQ(h) has 
an input-dependent local gain, but it also carries a global gain: increas-
ing Q lowers the slope of GQ(h) at every h (Fig. 7b). At fixed Q, this slope 
rises with ∣ h ∣, rather than falling as the slope of ϕ(x) does under satu-
ration. This activity-dependent gain control compensates for the 
absence of local saturation and is required for stability, as shown below.

For ω(t) = 0 the equations admit static solutions m̃(θ) = m(θ), of 
which the stable ones are bump states m(θ) = Γϕ(θ − ψ), where ψ, the 
angular location of the peak, is arbitrary, reflecting the circular sym-
metry of the equations. For ω(t) ≠ 0, there are traveling-bump solutions,

m(θ, t) = Γϕ (θ − ψ −∫
t
dt′ω(t′)) , (12)

and m̃(θ, t) is a temporally smoothed version of this profile. These solu-
tions track head direction by integrating angular velocity (Fig. 7c), 
matching both the network simulations (Fig. 2j,k) and the recordings 
(Fig. 2l). For both static and traveling bumps, Q = Γx(0), independent 
of time.

Stability is determined by the Jacobian M(θ,θ′) = ∂m̃(θ′,t) [τ∂tm̃(θ, t)] 
(Supplementary Note 2). An eigenvalue with positive real part signals 
instability. At a bump state, all eigenvalues of M(θ,θ′) have negative 
real parts except the symmetry-induced zero (Fig. 7f, teal curve), so 

perturbations relax onto the manifold with timescale t∗ = −τ/λM2 , set 
by the eigenvalue λM2  of second-largest real part, which is itself real; for 
β ≳ 1, this timescale is a few τ, decreasing with β and relatively insensitive 
to σ (Fig. 7d). At the uniform state m̃(θ) = m̃0, the Jacobian instead has 
a real, positive eigenvalue λM1  for all σ and β (a Turing instability) so 
perturbations grow with timescale t∗ = τ/λM1 , which, like the previous 
timescale, is a few τ for β ≳ 1, decreasing with β and insensitive to σ 
(Fig. 7e). As noted above, activity-dependent gain control is essential 
to this pattern formation. Fixing Q at Γx(0) for all time, a manipulation 
with no analog in the high-dimensional network, destabilizes the bump, 
producing a positive eigenvalue (Fig. 7f, orange) and driving the system 
to a uniform state.

Grid cells
Our approach generalizes to higher-dimensional symmetries. 
Here, we provide a proof-of-concept application to grid cells in the 
medial entorhinal cortex, thought to constitute a two-dimensional 
toroidal attractor19.

Classical grid-cell models42 use a two-dimensional sheet of neu-
rons with translation-invariant weights, which forms a hexagonally 
periodic pattern of activity bumps. The pattern shifts as the animal 
moves through the environment. Single-bump variants on a twisted 
torus also exist51. These models produce pristine, hexagonally periodic 
patterns. By contrast, medial entorhinal grid cells52 show a range of 
responses (Fig. 8a). Grid cells are typically identified by a large ‘grid 
score’ quantifying hexagonal periodicity, yet experimental grid scores 
form a continuous distribution with no clear boundary between grid 
and non-grid responses (Fig. 8b).

To model grid cells, we extended the Gaussian-process approach 
to a two-dimensional torus, parameterized by a pair of angles, with a 
correlation function periodic on a hexagonal lattice when viewed in 
cartesian coordinates (Supplementary Note 2). The pattern repeats 
with period 2π / ν, where the integer ν is the number of periods spanning 
the 2π range of each angle, and a parameter η ∈ [0, 1] sets how strongly 
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periodic the samples are (Fig. 8d,e). At η = 1 they are exactly periodic 
with period 2π / ν; for η < 1, they are only approximately so but remain 
exactly periodic over 2π, preserving the manifold’s toroidal symmetry. 
We set ν = 3 for the sampled maps and grid-score analyses. The sampled 
maps produce the continuous spread of grid scores, as seen in the data 
(Fig. 8b,c). The mean grid score rises monotonically with η.

The two-dimensional autocorrelograms of the sampled 
input-current maps are typically more hexagonal than the maps 
themselves (Fig. 8d,e), as has been recognized in real grid-cell record-
ings since their discovery13. This is extremely natural within our 
approach: the grid pattern resides in the correlation function of the 
generative process, not in any individual neuron, and a pristine grid 
cell is simply one whose firing-rate map happens to resemble that 
correlation function. Such resemblance is not essential, because 
cells across the full range of grid scores contribute to the attractor 
we construct. The prevailing grid-score criterion may therefore be 
overly restrictive.

We constructed attractor networks from samples drawn with ν = 
1, a case analogous to the head-direction model, using least-squares 
optimization. We used N = 25,000, an order of magnitude more 
neurons than in the head-direction model, because the number of 
neurons needed for stable dynamics scales exponentially with mani-
fold dimension. The network converges to the toroidal manifold 
from nearby initial conditions (Fig. 8f). The weight matrix at large 
N exhibits eigenvalue degeneracies in multiples of six, with the first 
few being sixfold, reflecting the hexagonal symmetry of the lattice 
(Supplementary Note 2 and Supplementary Fig. 15), analogous to the 
doublet degeneracy of head-direction networks. The same degenera-
cies appear for ν > 1.

When written in cartesian coordinates, the full N → ∞ mean-field 
description with velocity inputs takes the form of classical grid-cell 
models42,51, with two-dimensional translation symmetry (Supple-
mentary equation (136) and Supplementary Note 2). With ν = 1, it is a 
single-bump twisted-torus model, in which the mean-field activity is a 
single localized region moving in response to velocity input.

Discussion
Mammalian circuits show heterogeneous tuning at odds with 
continuous-attractor models, which rely on continuously symmet-
ric weights and generate tuning curves identical up to shifts. We 
showed that this heterogeneity is nonetheless consistent with an 
underlying circular symmetry, that the corresponding tuning curves 
form stable attractor manifolds whose minimum-norm weights show 
the same eigenvalue degeneracies as classical circulant weights, 
but with disordered eigenvectors, and that the resulting networks 
admit a dynamical mean-field theory displaying the essential features 
of classical ring-attractor models. Classical continuous-attractor 
dynamics could therefore be realized in the mammalian brain, exactly 
so at large N.

The steps we followed for head-direction and grid cells suggest a 
general framework for modeling how ordered computation emerges 
within large, disordered circuits and for connecting such models to 
data. This framework applies wherever Gaussian-process tuning mod-
els are apt, as they have proven to be for place cells27 and, when defined 
over time and task parameters, for movement-related trajectories in 
motor cortex53.

Is symmetry necessary?
Our model’s correspondence with classical models rests on rotational 
symmetry of tuning-curve statistics, raising the question of whether 
symmetry is necessary for continuous-attractor dynamics. Strictly 
speaking, it is not, because universal approximation33 implies that, 
for sufficiently large N, recurrent networks can support, to arbitrary 
accuracy, a continuous-attractor manifold of arbitrary, potentially 
nonsymmetric shape embedded in a fixed-dimensional subspace (Sup-
plementary Note 1).

What is the nature of the effective dynamics in such nonsymmet-
ric systems? Our framework extends to asymmetric cases, where a 
continuum of stable states arises without continuous symmetry (Sup-
plementary Note 2 and Supplementary Fig. 6). There, both the inter-
action and gain kernels become noncirculant, and the input-current 
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λM2  the eigenvalue of the second-largest real part of the Jacobian M(θ,θ′) at the 
bump state. e, Divergence from the uniform state, t∗ = τ/λM1 , with λM1  the leading 
eigenvalue of M(θ,θ′) there. f, Real parts of the leading eigenvalues of M(θ,θ′) at 
the bump state, for the full mean-field equations and for modified equations with 
Q fixed at Γx(0), with σ = 1.42 and β = 2.77.
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variance depends on position along the manifold. Together these 
changes compensate for the asymmetric correlation functions, and 
the attractor survives.

Why, then, might biological systems exhibit symmetry? 
Head-direction circuits appear rigid and thus may reflect lifetime- 
averaged environmental statistics, which are angularly isotropic. 
This isotropy is broken within the particular environments an animal 
explores over minutes to hours, raising the experimentally testable 
question of whether head-direction systems show correspondingly 
short-term asymmetries. Symmetry may also be easier to develop, 
because existing models of ring-attractor self-organization produce 
symmetric weights54.

Unknown variables
Our approach assumes that the encoded variable is known, using 
measured head direction to compute tuning curves. However, most 
variables encoded in the brain likely have no simple counterpart in 
the external world and are unknown to experimenters. Relatedly, our 
data-derived network construction uses a crude method of estimat-
ing input currents, which are not measured, namely, applying the 
inverse activation function to measured tuning curves (‘Constructing 
a data-derived network model’). Due to this crudeness, the estimates 
it yields are not Gaussian, unlike the input currents the generative pro-
cess postulates, so quantitative large-N predictions for that particular 
network, such as its eigenvalue spectrum, do not hold. Unsupervised 
methods address both of these ‘unmeasured variable’ limitations by 
inferring latent variables and tuning curves jointly from activity within 
a generative model, and several place a Gaussian-process prior on input 
currents55,56, as our generative process does. Combining them with 
our approach would remove the need to know the encoded variable 
and would permit fitting the activation and correlation functions by 
maximum likelihood.

From world structure to circuit structure
What can one infer about neural circuits from the structure of the 
world? Near the sensory periphery, such inferences have repeatedly 
succeeded. Helmholtz predicted frequency decomposition in the coch-
lea from the superposition of frequencies in sound57; Hering inferred 
color opponency, realized in retinal ganglion cells, through perceptual 
observations58; Olshausen and Field59 showed that natural image sta-
tistics yield V1-like receptive fields under a sparse, overcomplete code; 
and the many-receptor, multiodorant organization found by Buck and 
Axel60 resembles compressed sensing61,62 (the latter two examples being 
postdictions that could in principle have been predictions).

Deeper in the brain, such inferences are harder, but our approach 
suggests a route for continuous variables. Begin with a variable in the 
world and assume a neural circuit represents it by generating a persis-
tent activity manifold, which must share the variable’s topology. The 
manifold’s geometry follows if environmental symmetries over an 
animal’s lifetime lead the distribution of tuning curves to obey the vari-
able’s symmetry, a far weaker requirement than identical tuning-curve 
shapes. At large N, such distributional symmetry becomes a geometric 
symmetry of the manifold. The weights must encode the manifold to 
generate it, and, as we have shown, its geometric symmetry appears 
in them as eigenvalue degeneracies. On general grounds, then, sym-
metries of the world should be reflected in the spectral structure of 
connectivity, even far from the periphery.

Applying this observation to connectome data comes with cave-
ats, however. The eigenvalue degeneracy is suggestive of, but not 
sufficient for, continuous-attractor organization (Supplementary 
Note 1) and can arise for unrelated reasons. For example, a Hopfield 
network storing a fixed number of patterns acquires a degeneracy equal 
to that number, though lacking the multilevel structure associated 
with a reducible representation of a continuous symmetry group (see 
below). It is also only approximate on finite data. In our data-derived 
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Fig. 8 | Grid-cell model derived from heterogeneous tuning curves.  
a, Experimental grid-cell responses, adapted with permission from Hafting 
et al.13. For each cell, the rat’s two-dimensional trajectory with spike locations 
overlaid (left), the firing-rate map (middle) and the spatial autocorrelogram 
(right), with the peak firing rate below, are shown. b, Distribution of grid scores 
from experimental recordings (n = 620 medial entorhinal units), digitized 
from Nayebi et al.23, which analyzed data from Mallory et al.52. c, Grid-score 
distributions of input currents sampled from the Gaussian process, across the 
periodicity strength η (panels; generative-process Fourier decay scale σ = 12.12, 

ν = 3 periods per 2π, n = 1,000 samples per panel). d, Input-current maps at five 
grid scores evenly spaced across the η = 0.6 distribution of c, indicated by arrows, 
over the torus. e, Spatial autocorrelograms (autocorr.) of the input-current maps 
in d. f, Network dynamics (N = 25,000, σ = 4.04, activation sharpness β = 2.5, ν = 1, 
error-function activation) projected onto three orthonormal directions within 
the space of the six near-degenerate leading principal components, chosen so 
that one toroidal phase closes a loop in the plotted plane. Markers and lines are 
the same as in Fig. 2e, with color indicating initial condition.
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weight matrix, the eigenvalues are approximately real, and the doublets 
are visible but not exact (Supplementary Fig. 14). Finally, extending 
eigenvalue-based analyses to circuits with distinct cell types, such as 
separate excitatory and inhibitory populations, is an important direc-
tion for methods development.

Low-rank networks, symmetry and degeneracy
The optimal weights (equation (3)) are approximately low rank, having 
far fewer large eigenvalues than neurons. Low-rank recurrent networks 
admit low-dimensional descriptions of their dynamics31,32,63,64, a prop-
erty we exploited. This setting is a natural one in which to formalize 
a broader theme of this paper, namely how continuous symmetries, 
dynamics and eigenvalue degeneracies relate. In Supplementary 
Note 1, we show that symmetries in the distribution of the weights 
generate corresponding symmetries in the dynamics (see also Pezon 
et al.65, who establish, among other results, a closely related one for 
networks whose weights are built from a feature-space kernel). Our 
model instantiates this principle, because circular symmetry in the 
connectivity distribution produces circular symmetry in the over-
lap dynamics. Such symmetries in turn appear in the weight-matrix 
spectrum as eigenvalue degeneracies, with multiplicities given by 
the dimensions of the irreducible representations of the symmetry 
group, so that the ring’s circle group yields doublets. The converse 
does not hold: eigenvalue degeneracies are highly suggestive of geo-
metric structure, but unlike the distributional symmetries that produce 
them, they depend only on the second-order statistics of the loadings 
defining the low-rank weights and thus do not by themselves fix the 
symmetry group. In particular, we can construct ensembles that match 
our model’s second-order statistics and hence its spectrum, while dif-
fering beyond second order, yielding different symmetry groups and 
attractor structures (Supplementary Figs. 1 and 2).

Our construction could be generalized beyond the circle and torus 
to other compact Lie groups, including non-abelian ones, which Di 
Bernardo et al.66 study in the nondisordered setting. Heterogeneously 
tuned attractors built on these symmetries are a natural next step.

How should one model the connectivity that underlies a task 
and the dynamics it supports? One route has been to train a recurrent 
network via backpropagation and subsequently approximate the 
connectivity with an analytically tractable low-rank ensemble63,67. In 
this paper, we impose, rather than learn, the target tuning curves, 
which yields minimum-norm weights in closed form and allows us to 
link tuning statistics, weights and mean-field dynamics analytically. 
A more ambitious goal, on which work has begun68,69, is an end-to-end 
theory connecting a task to the connectivity that learning induces and 
in turn to the resulting dynamics. These routes offer different insights 
and are complementary.

Order and disorder
We have shown that continuous attractors admit a broad class of 
dynamically equivalent implementations, within which highly ordered 
classical models form a measure-zero special case (‘Weights in the 
large-network limit’ and Supplementary Note 2). Heterogeneous tuning 
may therefore be prevalent in mammalian brains simply because it is 
generic. What then favors ordered architectures? Robustness appears 
not to, because our disordered networks degrade under weight pertur-
bations much like classical circulant models (Supplementary Note 3 
and Supplementary Fig. 10). Limited neuronal resources are a stronger 
candidate, because the disordered models we have proposed require 
large N. This would explain why flies, with far fewer neurons, implement 
an anatomical ring attractor closely resembling classical models70.
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Methods
Data processing
Tuning-curve estimation. We analyzed neural recordings from mice, 
collected by Duszkiewicz et al.16 (see ref. 39 for the publicly available 
dataset), comprising 1,533 excitatory neurons that the authors identi-
fied as head-direction cells.

Neural and behavioral data were stored in Neurodata Without Bor-
ders format. For each mouse, we extracted the animal’s head direction and 
spike times from the epoch of square-environment exploration. Epochs 
during which the virus-expressing mice underwent optogenetic manipu-
lation were excluded. Head-direction angles were binned into 100 equally 
sized bins spanning the full 2π rad. For each neuron, we computed raw 
tuning curves by dividing the spike count in each angular bin by the time 
spent in that bin. Time bins in which head direction was not tracked were 
excluded from the occupancy, spike-count and likelihood computations.

To reduce noise in the resulting histogram-based tuning-curve 
estimates while preserving non-noise features, we implemented a 
cross-validated smoothing procedure. For each neuron, we performed 
the following:

	 (1)	 Divided the recording session into eight temporal segments of 
equal duration, labeled alternately as partition 1 or 2 (that is, 
1–2–1–2–1–2–1–2).

	 (2)	Computed raw tuning curves independently for each partition.
	 (3)	Applied Gaussian smoothing kernels of varying widths to the 

tuning curve from each partition, with widths logarithmically 
spaced from 0.1 to 100 bins (corresponding to 2π / 1,000 to 
2π rad).

	 (4)	Evaluated the Poisson log-likelihood of the spiking data from 
one partition given the smoothed tuning curve from the other 
partition. Let rP1i,σsmooth (θ) denote the tuning curve for neuron i 
obtained from partition 1 and smoothed with width σsmooth, sP2i (t) 
the spike count in a bin of width Δtbin = 10 ms from partition 2 
and θ(t) the animal’s head direction. We evaluated

ℒP2|P1
Poiss,i(σsmooth)

= ∑
t∈P2

[sP2i (t) log (r
P1
i,σsmooth

(θ(t))Δtbin) −rP1i,σsmooth (θ(t))Δtbin − log (s
P2
i (t)!)] ,

(13)

with ℒP1|P2
Poiss,i(σsmooth)  defined symmetrically. Before smoothing, 

zero-rate angular bins were set to 10−3 times the mean rate so that 
the log-likelihood remained finite.

	 (5)	For each neuron and partition, selected the smoothing width 
that maximized the likelihood of the opposite partition.

	 (6)	Computed final tuning curves by averaging the optimally 
smoothed curves from both partitions.

Finally, we normalized all tuning curves to have a mean firing rate of 
unity (arbitrary units) across all head directions.

The weight construction (‘Computing the weight matrix’) uses a 
finer angular grid than these 100 bins, so after the smoothing and dou-
ble normalization of Supplementary Note 3, we resampled the curves 
onto that grid by zero padding the Fourier coefficients of the input 
currents and reapplying the activation function to yield firing rates.

Tuning-curve statistics. We use four summary statistics of these 
tuning curves, all evaluated on the angular grid θa = 2π(a − 1) / Nθ for 
a = 1,…, Nθ.

The circular center of mass of neuron i is

θCOMi = arg
Nθ

∑
a=1

ϕ∗
i (θa) eiθa . (14)

We use it to align tuning curves before averaging them across neurons 
(‘Failure of classical ring-attractor models’ and Fig. 1f,g) and to order 
neurons so that structure in the weight matrix is visible (Figs. 2b and 6a).

The flip-symmetry correlation of neuron i is

ρflipi = corra (ϕ∗
i (θa), ϕ∗

i (2θ
COM
i − θa)) , (15)

the Pearson correlation across angles between the tuning curve and 
its reflection about its circular center of mass.

The head-direction information of neuron i is

IHD,i =
1
Nθ

Nθ

∑
a=1

ϕ∗
i (θa)log2ϕ∗

i (θa), (16)

the measure of Skaggs et al.48 under uniform occupancy. Because the 
curves have unit mean over θ by construction, the values ϕ∗

i (θa)/Nθ form 
a probability distribution over θ, and IHD is log2Nθ  minus its entropy 
(Fig. 5f).

Finally, a local maximum of ϕ∗
i (θ) counts as a peak when

ϕ∗
i (θa) − ⟨ϕ∗

i ⟩θ
SDθ[ϕ∗

i ]
> zthresh, (17)

so lowering zthresh admits progressively shallower peaks (Fig. 5c).

Model settings
The activation function, network dynamics and weight construction 
differ slightly across contexts. The three settings are collected here.

•	 Setting 1: experimental data-derived network model. For con-
structing a network model from experimental tuning curves 
(‘Dynamics of the data-derived network model’), we use the 
softplus function

ϕ(x) = 1
β
log(1 + exp(βx)), (18)

where β controls the sharpness of the kink. We set β = 2 in all 
data-derived analyses. The bias does not appear in the activa-
tion function here. It enters instead as a current b in the network 
dynamics (same as equation (1)),

τ∂txi(t) = −xi(t) +
N
∑
j=1

Jijϕj(t) + b.

The weights are constructed via least-squares optimization (‘Com-
puting the weight matrix’) to satisfy the vanishing-flow condition 
on the target manifold. The firing-rate target manifold is defined 
by the tuning curves themselves, while the input-current target 
manifold results from applying ϕ−1(⋅) to the firing-rate manifold. 
Thus, using an invertible activation function (that is, β < ∞) is 
important. After fitting the weights with b = 0, we introduce a 
parameter c > 0 to stabilize the mean activity mode; in particular, 
we shift Jij → Jij − N−1c and set b = c (Supplementary Note 3).
Setting 2: experimental data-fitted statistical generative process. 
For the generative process (‘Statistical generative process’), we 
use a normalized softplus function

ϕ∗(θ) = 1
Z[x∗] log (1 + eβ(x∗(θ)−b)) , (19)

where β controls the sharpness, b is the bias, and

Z[x∗] = 1
2π ∫

2π

0
dθ log(1 + exp(β(x∗(θ) − b))) (20)

is a normalization functional ensuring unit mean firing rate over 
θ. The normalization places all tuning curves on a common scale, 
both across mice and between data and generative process. It also 
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rescales each curve by its own mean, which matters most for the 
curves whose input current is mostly well below the bias, because 
for those the unnormalized rate is small everywhere and the tuning 
features are correspondingly faint; dividing by that small mean 
turns them into pronounced peaks. We use fitted parameters (σ, β, 
b) ≈ (1.42, 2.77, 1.73), obtained as described in ‘Statistical generative 
process’, where σ is the Fourier decay scale of the input-current 
correlation function Γx(Δθ) and does not appear in the activa-
tion function itself. This activation function is used for statistical 
modeling of tuning curves; no weight matrix is constructed here.

•	 Setting 3: analytically tractable statistical generative process 
and network model. For large-N theoretical analysis of the 
weights and dynamics (‘Weights in the large-network limit’ 
and ‘Dynamical mean-field theory’), we use the error-function 
activation

ϕ(x) = 1 + erf (
β√πx
2 ) , (21)

where β controls the sharpness. In this setting we typically use 
(σ, β) = (1.42, 2.77), carried over from the Setting 2 fit, where σ is 
the Fourier decay scale of the input-current correlation function 
Γx(Δθ). Three analyses depart from these values:

•	 The grid-cell model (‘Grid cells’), on the two-torus, with (σ, 
β) = (4.04, 2.5) at ν = 1 period per 2π and (12.12, 2.5) at ν = 3;

•	 The asymmetric continuous attractors of Supplementary 
Note 2, with β = 2.5 and an input-current correlation func-
tion set by the manifold geometry, so no σ enters; and

•	 The Mexican hat construction of Supplementary Note 2, 
with β = 2 and σ ∈ {1/3, 1/2, 1}.

We also vary σ and β to examine parameter dependencies 
(Fig. 7a,d,e and Supplementary Fig. 5). This activation function 
contains no bias term. The corresponding network dynamics are 
(same as equation (1) with b = 0)

τ∂txi(t) = −xi(t) +
N
∑
j=1

Jijϕj(t).

The weights are constructed via the same least-squares optimiza-
tion procedure as in the data-derived case, but applied to tuning 
curves sampled from the generative process.

In Settings 1 and 3, J may additionally undergo modulation by 
angular velocity ω(t) (‘Angular velocity integration’). In Settings 1 and 
2, we use two mathematically equivalent forms of bias, an external term 
b in the network dynamics (Setting 1) and a threshold within the activa-
tion function (Setting 2). The change of variables xi → xi − b converts a 
threshold b into an external bias –b.

Nonsaturating and saturating activation functions. For the 
data-derived network model of Setting 1 and the generative process of 
Setting 2, we use unbounded activation functions. This is neurobiologi-
cally realistic in the sense that cortical neurons typically operate below 
saturation in their dynamic range71. Additionally, the experimental 
tuning curves show no obvious sign of saturation at high activation 
levels, so inferring a saturation point would not be well posed. For the 
theoretical analysis of Setting 3, we switch to bounded activation func-
tions for reasons summarized in the introduction to ‘Weights in the 
large-network limit’. A bounded activation lets us evaluate certain 
mean-field integrals in closed form, in particular the function 
𝒢𝒢(C11,C22,C12) of Supplementary Note 2 and Supplementary equation 
(87). Saturation also prevents runaway activity, so the uniform inhibi-
tion c used for the data-derived network is no longer needed. Finally, 
dropping the bias b leaves firing rates nonsparse over θ, so the 

normalization functional Z[x*] is not needed to amplify faint tuning 
features. The specific functional form within each class is not critical.

Computing the weight matrix
We use the same method to construct the weight matrix J in Settings 
1 and 3.

Problem setup. We minimize the loss function of equation (2) over 
 J subject to Jii = 0. As in the analysis of ‘Weights in the large-network 
limit’, we define Φ as an Nθ × N matrix whose columns contain the tuning 
curves ϕ∗

i (θ) and X as an Nθ × N matrix containing the corresponding 
input currents x∗i (θ). Specifically, Xai = x∗i (θa) and Φaj = ϕ∗

j (θa), where 
we sample θ uniformly on [0, 2π) at θa = 2π(a − 1) / Nθ for a = 1,…, Nθ, with 
Nθ = 10,000 in Setting 1 (resampled from the 100-bin grid of 
‘Tuning-curve estimation’) and Nθ = 500 in Setting 3. We convert 
between continuous and discrete representations using the dictionary 
in Supplementary Information.

Loss function and unconstrained solution. The loss function (same 
as equation (2)) is

ℒ = 1
N
1
2π ∫

2π

0
dθ

N
∑
i=1

(x∗i (θ) −
N
∑
j=1

Jijϕ∗
j (θ))

2

+ λ
N
∑
i, j=1

J2ij.

We first solve the problem without the diagonal constraint. Differen-
tiating with respect to Jij gives

N
2
dℒ
dJij

= − 1
2π ∫

2π

0
dθx∗i (θ)ϕ

∗
j (θ) +

N
∑
k=1

Jik (
1
2π ∫

2π

0
dθϕ∗

k (θ)ϕ
∗
j (θ) + Nλδkj) = 0.

(22)

Converting to the discretized setting gives

N
2
dℒ
dJ

= − 1
Nθ

XT
Φ + J ( 1Nθ

Φ
T
Φ + NλIN) = 0. (23)

Solving this system yields

J unconstrained = 1
Nθ

XT
Φ( 1Nθ

Φ
T
Φ + NλIN)

−1
. (24)

Using the push-through identity

A(ATA + λIN)
−1 = (AAT + λIM)

−1A (25)

for an M × N matrix A, this can be rewritten as

J unconstrained = 1
NXTK−1λ Φ, (26)

where the optimization kernel is

Kλ =
1
NΦΦ

T + NθλINθ . (27)

In the continuous limit, this becomes

Junconstrainedij = 1
N ∫

2π

0
dθ∫

2π

0
dθ′K−1λ (θ,θ′)x∗i (θ)ϕ

∗
j (θ

′), (28)

where the optimization kernel is

Kλ(θ,θ′) = Cϕ(θ,θ′) + 2πλδ(θ − θ′), (29)

and Cϕ(θ,θ′) = 1
N
∑N

i=1 ϕ
∗
i (θ)ϕ

∗
i (θ

′) is the empirical correlation function 
of the tuning curves (equation (4)).
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Constrained solution. We now enforce Jii = 0. The problem decouples 
across rows of J, because each row predicts x∗i (θ) from the regressors 
ϕ∗

j (θ) for j = 1,…, N. Setting Jii = 0 amounts to dropping regressor ϕ∗
i (θ) 

from row i and letting the remaining regressors take up the slack. 
Modifying equations (26) and (27) accordingly gives

Jij =
1
NxTi K

−1
i,λφj (i ≠ j), where Ki,λ =

1
NΦΦ

T − 1
NΦiΦ

T
i + NθλINθ , (30)

where xi and ϕi are the Nθ-dimensional vectors containing x∗i (θ) and 
ϕ∗

i (θ) (that is, the ith columns of X and Φ). Taking the continuous limit 
yields the weight formula (same as equation (3))

Jij =
1
N ∫

2π

0
dθ∫

2π

0
dθ′K−1i,λ (θ,θ

′)x∗i (θ)ϕ
∗
j (θ

′),

where the optimization kernel is

Ki,λ(θ,θ′) = Cϕ(θ,θ′) − 1
Nϕ∗

i (θ)ϕ
∗
i (θ

′) + 2πλδ(θ − θ′). (31)

This kernel shows that the constraint of zero on-diagonals provides a 
small, 𝒪𝒪(1/N)  correction to the off-diagonals relative to the uncon-
strained solution. Thus, at large N, it may be omitted.

Unfortunately, the above formula requires inverting a separate 
matrix for each neuron i, which is computationally expensive. This can 
be circumvented using an equivalent but different formula. One can 
derive it using the Sherman–Morrison formula for a rank-one update 
to a matrix inverse; here, we instead use Lagrange multipliers to obtain 
the same result. The modified loss function becomes

ℒ = 1
N
1
2π∫

2π

0
dθ

N
∑
i=1

(x∗i (θ) −
N
∑
j=1

Jijϕ∗
j (θ))

2

+ λ
N
∑
i, j=1

J2ij +
2
N

N
∑
i=1

γi Jii, (32)

where γi are Lagrange multipliers for i = 1,…, N. Differentiating with 
respect to Jij gives

N
2
dℒ
dJij

= − 1
2π ∫

2π

0
dθx∗i (θ)ϕ

∗
j (θ)

+
N
∑
k=1

Jik (
1
2π ∫

2π

0
dθϕ∗

k (θ)ϕ
∗
j (θ) + Nλδkj) + δijγi = 0.

(33)

In discretized form,

N
2
dℒ
dJ

= − 1
Nθ

XT
Φ + JΩ + diag (γ) = 0, (34)

where we have defined the N × N matrix Ω,

Ω = 1
Nθ

Φ
T
Φ + NλIN. (35)

In the continuous limit,

Ωij =
1
2π ∫

2π

0
dθϕ∗

i (θ)ϕ
∗
j (θ) + Nλδij. (36)

Solving for J yields

J = J unconstrained − diag (γ)Ω−1. (37)

The Lagrange multipliers are determined by the constraint Jii = 
0, yielding

γi =
Junconstrainedii
[Ω−1]ii

. (38)

Therefore, the final constrained solution is

Jij = Junconstrainedij −
Junconstrainedii [Ω−1]ij

[Ω−1]ii
. (39)

This is the formula we use in practice.

Angular velocity integration. To make the network integrate angular 
velocity ω, we replace the target current x∗i (θ)  with (1 + τω∂θ)x∗i (θ)  
throughout the derivation above. The target flow on the manifold then 
points along the tangent vector with magnitude proportional to ω, 
τ∂txi = τω∂θx∗i (θ) , rather than vanishing as in ‘Constructing a 
data-derived network model’. Because the least-squares solution is 
linear in the target, with or without the constraint Jii = 0, the weight 
matrix separates into a static part and a velocity-coupling part,

J(ω) = J + τωJ ′, (40)

where J is the solution with target X, and J′ is the solution obtained by 
the identical procedure with X replaced by X′, the matrix of angular 
derivatives X′ai = ∂θx

∗
i (θa). Explicitly,

J ′unconstrained = 1
N
X′TK−1λ Φ,

J ′ = J ′unconstrained − diag (γ′)Ω−1,

γ′i =
[J′unconstrained]

ii
[Ω−1]ii

,

(41)

so that J′ii = 0. In simulations, ω = ω(t), and the term τω(t) J′ϕ is added to 
the dynamics.

Simulation details
All simulations used network time constant τ = 50 ms and Euler integra-
tion with timestep Δt, except the simulations of Supplementary Fig. 16 
and the theory of Supplementary Note 4, which measure time in units of τ.

We simulated recurrent neural networks (Settings 1 and 3) by 
integrating the rate-based dynamics

xi(t + Δt) = (1 − Δt
τ ) xi(t) +

Δt
τ (∑

N
j=1 Jijϕj(t) + b) . (42)

We used Δt = 1 ms for the data-derived network simulations of Fig. 2 and 
Δt = 5 ms for all other network simulations. Network construction used 
regularization parameter λ = 10−8 unless otherwise noted.

We simulated the evolution of the overlap order parameter m̃(θ, t) 
by Euler integration of a form of the mean-field equations that is exact 
at large N for any angular velocity and reduces to equation (10) of the 
main text at slowly varying angular velocity (Supplementary Note 2). 
Angular velocity enters through a second field m̃ω(θ, t) (‘Angular velocity 
integration’), so the scheme is

m̃(θ, t + Δt) = (1 − Δt
τ ) m̃(θ, t) + Δt

τ GQ(t) (h(θ, t)) , (43)

m̃ω(θ, t + Δt) = (1 − Δt
τ ) m̃ω(θ, t) + Δt ω(t)GQ(t) (h(θ, t)) , (44)

where

h(θ, t) = 1
2π ∫

2π

0
dθ′ [𝒥𝒥𝒥θ − θ′) m̃(θ′, t) − ∂θ𝒥𝒥𝒥θ − θ′) m̃ω(θ′, t)] . (45)

At zero angular velocity, m̃ω(θ, t) = 0 , and the first equation is the 
scheme on its own. For main text analyses, we used Δt = 1 ms. For sup-
plementary analyses, we used Δt = 5 ms.
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Statistics and reproducibility
This is a theoretical and computational study. No new experiments 
were performed for this work. The only experimental data analyzed 
are previously published recordings from the postsubiculum of freely 
moving mice, collected by Duszkiewicz et al.16 and publicly available 
as DANDI Dandiset 000939 (ref. 39).

Sample size. No statistical method was used to predetermine sample 
size. The size of the dataset was fixed by the original study, namely 31 
recording sessions, 1 per mouse, comprising 2,691 units, of which Ndata 
= 1,533 were classified as head-direction cells.

Data exclusions. No recording sessions were excluded. Our anal-
yses use the subset of units that Duszkiewicz et al.16 classified as 
head-direction cells, on the basis of significant head-direction infor-
mation relative to a time-reversed control. That criterion was defined 
by the original study’s authors, and the resulting labels are distributed 
with the dataset. All 1,533 units carrying the head-direction label were 
analyzed. For each session, only the epoch recorded during explora-
tion of the square environment was analyzed. Nine mice additionally 
underwent optogenetic manipulation, which took place in a separately 
recorded epoch that no analysis touches. Those mice are otherwise 
included in full, contributing 315 of the 1,533 head-direction cells from 
their square-environment epochs.

Randomization and blinding. The experiments were not randomized, 
and the investigators were not blinded to allocation during experi-
ments and outcome assessment. Neither consideration applies here 
because we performed no new experiments and analyzed a public 
dataset with no experimental groups, conditions or interventions to 
allocate. For the randomization and blinding of the original recordings, 
see the Methods of Duszkiewicz et al.16.

Statistical tests. Uniformity of the within-session distribution of 
tuning-curve circular centers of mass was tested with the Kuiper test, a 
two-sided goodness-of-fit test, against the uniform distribution on [0, 
2π), applied independently to each of the 31 sessions. The 31 resulting 
P values were corrected for multiple comparisons with the Benjamini–
Hochberg false discovery rate procedure at the 5% level. Two of the 31 
sessions deviated significantly (P < 0.05) before correction and none 
after correction, with corrected P values ranging from 0.59 to 0.97.

Reproducibility. Simulations and analyses are deterministic given a 
fixed random seed, and every notebook that draws random numbers sets 
its seed explicitly. The released code reproduces every figure in the paper 
from the released cached results. Those cached results are themselves 
regenerable by downloading the raw recordings from the DANDI Archive 
and running the same code, so no step of the pipeline is a black box.

Reporting summary
Further information on research design is available in the Nature 
Portfolio Reporting Summary linked to this article.

Data availability
The raw electrophysiological and behavioral recordings analyzed 
in this study were collected by Duszkiewicz et al.16 and are publicly 
available from the DANDI Archive as Dandiset 000939 (ref. 39). The 
cached intermediate results used by the analysis notebooks are pub-
licly available via Zenodo at https://doi.org/10.5281/zenodo.21827768 
(ref. 72). Every cached file is regenerable from the raw data and the 
released code.

Code availability
All analysis code is publicly available as an installable Python package, 
ring, together with 11 Jupyter notebooks that generate every figure in 

the paper, apart from two panels of the grid-cell figure that reproduce 
experimental data from previously published studies. The code is 
released under the MIT License and is available on GitHub at https://
github.com/davidclark1/symmetries-continuous-attractors, archived 
on Zenodo at https://doi.org/10.5281/zenodo.21829584 (ref. 73). 
Analyses were run under Python 3.12 with NumPy 1.26.4, SciPy 1.13.1,  
Matplotlib 3.8.4, PyTorch 2.4.0, pynwb 2.6, Astropy 6.1 and statsmodels 
0.14, and the full environment specification is distributed with the code.

References
71.	 Rubin, D. B., Van Hooser, S. D. & Miller, K. D. The stabilized 

supralinear network: a unifying circuit motif underlying multi-input 
integration in sensory cortex. Neuron 85, 402–417 (2015).

72.	 Clark, D. G., Abbott, L. F. & Sompolinsky, H. Cached intermediate 
results for ‘Symmetries and continuous attractors in disordered 
neural circuits’. Zenodo https://doi.org/10.5281/zenodo.21827768 
(2026).

73.	 Clark, D. G., Abbott, L. F. & Sompolinsky, H. Code for ‘Symmetries 
and continuous attractors in disordered neural circuits’. Zenodo 
https://doi.org/10.5281/zenodo.21829584 (2026).

Acknowledgements
We thank A. Litwin-Kumar, J. Zavatone-Veth, J. Cotler and H. Grier for 
helpful discussions. Anthropic’s Claude and OpenAI’s ChatGPT were 
used to edit and organize the text, to generate code for analyses and 
plotting and to check the paper for errors, including errors in the 
mathematical expressions.

Author contributions
D.G.C., L.F.A. and H.S. conceived of the study. D.G.C. developed the 
core theoretical framework, with input from L.F.A. and H.S., and 
performed all analyses, simulations and figure production. D.G.C. 
wrote the paper. L.F.A. and H.S. provided input on the paper at all 
stages. L.F.A. and H.S. supervised the project. All authors discussed 
the results and approved the final paper.

Funding
D.G.C. was supported during the early stages of this work by the 
Gatsby Charitable Foundation and the Kavli Foundation and, during 
the later stages, by a Kempner Institute Research Fellowship. L.F.A. 
was supported by the Gatsby Charitable Foundation and the Kavli 
Foundation. H.S. was supported by the Kempner Institute and the 
Gatsby Charitable Foundation. This work has been made possible 
in part by a gift from the Chan Zuckerberg Initiative Foundation to 
establish the Kempner Institute at Harvard University. The funders 
had no role in study design, data collection and analysis, decision to 
publish or preparation of the manuscript.

Competing interests
The authors declare no competing interests.

Additional information
Supplementary information The online version contains 
supplementary material available at https://doi.org/10.1038/s41593-
026-02452-4.

Correspondence and requests for materials should be addressed to 
David G. Clark.

Peer review information Nature Neuroscience thanks Tatiana Engel 
and the other, anonymous, reviewer(s) for their contribution to the 
peer review of this work.

Reprints and permissions information is available at  
www.nature.com/reprints.

http://www.nature.com/natureneuroscience
https://doi.org/10.5281/zenodo.21827768
https://github.com/davidclark1/symmetries-continuous-attractors
https://github.com/davidclark1/symmetries-continuous-attractors
https://doi.org/10.5281/zenodo.21829584
https://doi.org/10.5281/zenodo.21827768
https://doi.org/10.5281/zenodo.21829584
https://doi.org/10.1038/s41593-026-02452-4
https://doi.org/10.1038/s41593-026-02452-4
http://www.nature.com/reprints


1

n
atu

re p
o

rtfo
lio

  |  rep
o

rtin
g

 su
m

m
ary

A
p

ril 2
0

2
3

Corresponding author(s): David G. Clark

Last updated by author(s): Aug 6, 2026

Reporting Summary
Nature Portfolio wishes to improve the reproducibility of the work that we publish. This form provides structure for consistency and transparency 

in reporting. For further information on Nature Portfolio policies, see our Editorial Policies and the Editorial Policy Checklist.

Statistics
For all statistical analyses, confirm that the following items are present in the figure legend, table legend, main text, or Methods section.

n/a Confirmed

The exact sample size (n) for each experimental group/condition, given as a discrete number and unit of measurement

A statement on whether measurements were taken from distinct samples or whether the same sample was measured repeatedly

The statistical test(s) used AND whether they are one- or two-sided 

Only common tests should be described solely by name; describe more complex techniques in the Methods section.

A description of all covariates tested

A description of any assumptions or corrections, such as tests of normality and adjustment for multiple comparisons

A full description of the statistical parameters including central tendency (e.g. means) or other basic estimates (e.g. regression coefficient) 

AND variation (e.g. standard deviation) or associated estimates of uncertainty (e.g. confidence intervals)

For null hypothesis testing, the test statistic (e.g. F, t, r) with confidence intervals, effect sizes, degrees of freedom and P value noted 

Give P values as exact values whenever suitable.

For Bayesian analysis, information on the choice of priors and Markov chain Monte Carlo settings

For hierarchical and complex designs, identification of the appropriate level for tests and full reporting of outcomes

Estimates of effect sizes (e.g. Cohen's d, Pearson's r), indicating how they were calculated

Our web collection on statistics for biologists contains articles on many of the points above.

Software and code

Policy information about availability of computer code

Data collection No software was used for data collection. No new experiments were performed for this study.

Data analysis Python 3.12 with NumPy 1.26.4, SciPy 1.13.1, Matplotlib 3.8.4, PyTorch 2.4.0, pynwb 2.6, Astropy 6.1 and statsmodels 0.14. Custom analysis 

code is distributed as the Python package `ring` together with 11 Jupyter notebooks that reproduce every figure, with the full environment 

specification included. Available at https://github.com/davidclark1/symmetries-continuous-attractors and archived on Zenodo at https://

doi.org/10.5281/zenodo.21829584.

For manuscripts utilizing custom algorithms or software that are central to the research but not yet described in published literature, software must be made available to editors and 

reviewers. We strongly encourage code deposition in a community repository (e.g. GitHub). See the Nature Portfolio guidelines for submitting code & software for further information.

Data

Policy information about availability of data

All manuscripts must include a data availability statement. This statement should provide the following information, where applicable: 

- Accession codes, unique identifiers, or web links for publicly available datasets 

- A description of any restrictions on data availability 

- For clinical datasets or third party data, please ensure that the statement adheres to our policy 
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Archive as Dandiset 000939 [39]. The cached intermediate results used by the analysis notebooks are publicly available on Zenodo at https://doi.org/10.5281/

zenodo.21827768 [72]. Every cached file is regenerable from the raw data and the released code.

Research involving human participants, their data, or biological material
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