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Transient dynamics of associative memory models
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Associative memory models such as the Hopfield network and its dense generalizations with higher-order
interactions exhibit a “blackout catastrophe”—a discontinuous transition where stable memory states abruptly
vanish when the number of stored patterns exceeds a critical capacity. This transition is often interpreted as
rendering networks unusable beyond capacity limits. We argue that this interpretation is largely an artifact of
the equilibrium perspective. We derive dynamical mean-field equations for graded-activity dense associative
memory models, with the Hopfield model as a special case, using a bipartite cavity approach. We solve the
resulting self-consistent equations using an iterative numerical scheme. We show that patterns can be transiently
retrieved with high accuracy above capacity despite the absence of stable attractors. This occurs because slow
regions persist in the above-capacity energy landscape near stored patterns as lingering traces of the stable basins
that existed below capacity. The same transient-retrieval effect occurs in below-capacity networks initialized
outside basins of attraction. “Transient-recovery curves” provide a concise visual summary of these effects,
revealing graceful, noncatastrophic changes in retrieval behavior above capacity and allowing us to compare
the behavior across interaction orders. This dynamical perspective reveals energy landscape structure obscured
by equilibrium analysis, including slow regions near stored patterns that persist above capacity, and suggests
biological neural circuits may exploit transient dynamics for memory retrieval. Furthermore, our approach
suggests ways of understanding computational properties of neural circuits without reference to fixed points
and yields new theoretical results on generalizations of the Hopfield model.

DOI: 10.1103/42y2-bsh1

I. INTRODUCTION

The Hopfield model is a recurrent neural network with
weights constructed through a Hebbian learning rule that can
store and retrieve patterns, therefore functioning as a memory
device [1,2]. Its dynamics are governed by an energy function,
permitting its analysis within equilibrium statistical mechan-
ics, in particular, using methods for disordered systems such
as the replica method [3,4].

A key result from this line of work is that the standard
Hopfield model can successfully store and retrieve P = O(N )
random patterns as stable fixed points, where N is the number
of neurons. Beyond this capacity, interference among patterns
encoded in the connectivity destroys these stable states [3,4],
a phenomenon known as “blackout catastrophe” [5,6]. This
represents a discontinuous, first-order phase transition: the
overlap between network activity and a target pattern remains
high, corresponding to memory retrieval, until a critical ca-
pacity of P ≈ 0.14N for binary-spin models. Beyond this
capacity, the high-overlap solution vanishes, and only the
zero-overlap solution remains.
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The limited capacity of the Hopfield model has moti-
vated various generalizations. The dense associative memory
model, introduced and studied decades ago [7–10] and con-
nected to modern deep learning by Krotov and Hopfield
[11,12], achieves capacity P = O(Nn) with (n + 1)-way neu-
ronal interactions. This represents a qualitative improvement
over the Hopfield model’s P = O(N ) capacity for n > 1, with
the Hopfield model corresponding to the special case n = 1
with pairwise interactions. These generalized models thus lib-
erate storage capacity from pattern dimensionality, to which
storage capacity is constrained to be proportional in the Hop-
field case. A caveat to this line of work is that while the model
achieves P = O(Nn) capacity, it can equivalently be formu-
lated as a bipartite system with P + N units using pairwise
interactions, thus recovering linear scaling in the total number
of units. Rather than appealing to this bipartite formulation,
some authors have proposed biological implementations of
effectively higher-order neuronal interactions, although these
remain speculative [13]. Regardless of how significant one
finds the increased capacity, what remains interesting and
nontrivial are the pattern retrieval dynamics, the focus of
this work, that allow these models to recall stored patterns
from partial or corrupted inputs within densely packed feature
spaces.

Like the Hopfield model, these generalized models possess
energy functions governing their dynamics and exhibit dis-
continuous vanishing of stable retrieval states when capacity
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is exceeded [7], although this is less limiting in practice given
their increased capacity for n > 1.

The capacity constraints that seemingly render associative
memory models unusable beyond their capacity limits are
derived from equilibrium analyses that probe stable memory
states; that is, energy landscape local minima, but provide
limited insight into the system’s behavior during transient
evolution. We therefore adopt a dynamical rather than an
equilibrium perspective on associative memory models. We
study the out-of-equilibrium, transient dynamics of these
systems and demonstrate that the blackout catastrophe is
not catastrophic when viewed dynamically. In particular,
even when stable fixed points no longer exist beyond the
critical capacity, memories can still be transiently recalled,
often with high accuracy, during evolution from initial con-
ditions. Analysis of the energy function reveals that this
transient retrieval reflects the persistence of slow regions
in the energy landscape near stored patterns, even above
capacity.

Neural circuit dynamics are frequently characterized
through fixed points and stability analysis. Indeed, con-
structing a “dynamical skeleton” based on fixed points and
transitions between them has been among the most successful
approaches for understanding artificial [14] and biological
recurrent neural circuits [15]. However, transient dynamics
outside of fixed points are likely crucial for neural compu-
tation and require new analysis methods [16]. For memory
systems, we propose “transient-recovery curves,” which char-
acterize memory retrieval performance without requiring
stable attractor states. These curves reveal a graceful degrada-
tion of retrieval performance as capacity is exceeded, rather
than abrupt failure. By varying the number of stored pat-
terns, these curves sweep out a family that can be compared
across different interaction orders n, permitting analysis of
how higher-order interactions shape retrieval dynamics.

To study these transient dynamics in the N → ∞ limit,
we develop a dynamical mean-field theory (DMFT) for
graded-activity dense associative memory models storing an
appropriately scaled infinite number of patterns. We solve the
resulting self-consistent equations using iterative numerical
methods similar to those described by Roy et al. [17] for
ecological systems. The equilibrium statistical mechanics of

graded-activity Hopfield models (the n = 1 case) was ana-
lyzed by Kühn et al. [18]. While several works from the 1980s
and 1990s derived DMFT equations for Hopfield models, they
typically studied binary spins in discrete time rather than con-
tinuous variables in continuous time and, crucially, could not
numerically solve the self-consistent equations. The binary-
spin restriction limits relevance to machine learning, which
requires differentiability. We review this historical context in
detail in the Discussion. The iterative scheme we use here
is made feasible by modern computational resources, partic-
ularly GPU acceleration. Our approach allows us to capture
the full temporal evolution of these systems, reveals rich tran-
sient dynamics that were previously inaccessible to theoretical
analysis, and extends all of these analyses to higher-order
generalizations of the Hopfield model.

II. HOPFIELD AND DENSE ASSOCIATIVE
MEMORY MODELS

We now define the class of models considered in this
paper: the dense associative memory model for arbitrary n,
with the Hopfield model corresponding to n = 1. This can
be done through either a neuronal [Fig. 1(a)] or a bipartite
[Fig. 1(b)] formulation, the latter of which is amenable to
a cavity analysis [Fig. 1(c)]. We then specify a generative
process for the stored patterns and initial conditions to enable
a large-N analysis. Finally, we distinguish between condensed
and uncondensed patterns and show through a signal-to-noise
argument that the capacity scales as P = O(Nn).

A. Neuronal formulation

The dense associative memory model generalizes the
Hopfield model by introducing higher-order, (n + 1)-way in-
teractions among neurons [Fig. 1(a); note that prior works
typically define n to be the order of interactions itself; that
is, what we call n + 1]. Consider N neurons with preacti-
vations xi(t ) and nonlinearly transformed activations φi(t ) =
φ(xi(t )), where i ∈ {1, 2, . . . , N} indexes neurons and φ(x) is
a bounded and monotonic neuronal nonlinearity. The neuronal
dynamics are governed by

xi(t ) = (1 − �t )xi(t − 1) + �t

⎡
⎣ g√

α

∑
j1, j2,··· , jn

Ti j1 j2··· jnφ j1 (t − 1)φ j2 (t − 1) · · · φ jn (t − 1) + Ii(t − 1)

⎤
⎦, (1)

where t ∈ {1, 2, . . . , T } indexes discrete time steps, �t is the
time-step size, and Ii(t ) are external inputs that serve as source
terms in the mean-field analysis (they can be set to zero when
not needed for this purpose). The interaction tensor is con-
structed from P stored patterns ξ

μ
i , where μ ∈ {1, 2, . . . , P}

indexes patterns via

Ti j1 j2··· jn = 1

Nn

∑
μ

ξ
μ
i ξ

μ
j1
ξ

μ
j2

· · · ξμ
jn
. (2)

The memory load parameter, which appears in the dynamics
Eq. (1), is defined as

α = P

Nn
. (3)

This formulation involves (n + 1)-way interactions among
neurons. For n = 1, we recover the Hopfield model with pair-
wise interactions through the matrix

Ti j = 1

N

∑
μ

ξ
μ
i ξ

μ
j , (4)
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FIG. 1. Schematics of the dense associative memory model. (a) Neuronal formulation with higher-order interactions. Nodes represent
neurons, and black dots indicate connections (tensor elements Ti j1··· jn ). (b) Equivalent formulation as a bipartite network with neurons xi(t )
and overlaps mμ(t ) connected in a bipartite manner through stored patterns ξ

μ
i . (c) Schematic of the bipartite cavity scheme used to derive the

DMFT.

which can be formed via Hebbian learning with ξ
μ
j and ξ

μ
i

representing pre- and postsynaptic activity, respectively.
As �t → 0 while holding the total time T �t fixed, we

obtain the continuous-time limit of the dynamics,

(1 + ∂t )xi(t ) = g√
α

∑
j1, j2,··· , jn

Ti j1 j2··· jn

× φ j1 (t )φ j2 (t ) · · · φ jn (t ) + Ii(t ), (5)

for which an energy function ε[ �φ] can be defined (Sec. III D)
[11,12]. Note that these dynamics are not a gradient flow,
since the left-hand side specifies ∂t xi(t ) while the right-hand
side is a gradient with respect to φi. Nevertheless, ε[ �φ] serves
as a Lyapunov function, decreasing monotonically along tra-
jectories due to the monotonicity of φ(·) (see Sec. III D for
details).

B. Bipartite formulation

This system with higher-order interactions among neu-
rons can be equivalently represented as a bipartite system
of neurons and overlaps Fig. 1(b). This reformulation proves
advantageous for several reasons. First, it provides a pathway
for implementing such models using biological neurons and
synapses [19]. Second, the bipartite structure lends itself to the
cavity method, which we use to derive the DMFT Fig. 1(c).

We introduce P overlaps mμ(t ) defined as

mμ(t ) = 1

N

∑
i

ξ
μ
i φi(t ) + Iμ(t ), (6)

where Iμ(t ) are external inputs to the overlaps that serve as
source terms in the mean-field analysis. Like the neuronal
source terms, they can be set to zero when not needed for this
purpose. The overlap mμ(t ) measures the alignment between
the network state at time t , φi(t ), and the μth stored pattern,
ξ

μ
i . In analogy to the neuronal nonlinearity, we define nonlin-

early transformed overlaps as f μ(t ) = f (mμ(t )), where f (m)
is a monomial:

f (m) = mn, n � 1. (7)

The neuronal dynamics of Eq. (1) can then be written as

xi(t ) = (1 − �t )xi(t − 1)

+ �t

⎡
⎣ g√

α

∑
μ

ξ
μ
i f μ(t − 1) + Ii(t − 1)

⎤
⎦. (8)

In this bipartite representation, neurons and overlaps inter-
act through couplings given by the stored patterns ξ

μ
i . The

Hopfield model corresponds to the case where nonlinearity
appears only in the neuronal variables [since, in this case,
f (m) = m]. The dense associative memory model is thus a
natural generalization where a pointwise nonlinearity f (m) is
also applied to the overlaps.

An interesting extension of these models, which we do not
pursue here, is to give the overlaps their own relaxational dy-
namics rather than the instantaneous equation (6). Moreover,
the overlaps can have more complex nonlinearities, including
nonlinearities that couple different overlaps to each other,
while preserving the existence of an energy function. This
reveals connections to self-attention mechanisms [12].

C. Pattern and initial-condition statistics

To analyze the large-N limit, we specify a generative pro-
cess for the patterns ξ

μ
i , which act as quenched disorder. We

adopt the standard assumption of independent and identically
distributed pattern components:

ξ
μ
i

iid∼ P(ξ ), (9)

where P(ξ ) is a probability distribution with zero mean and
variance σ 2

ξ .
To study pattern retrieval, we initialize the network with

significant overlap with a finite number of patterns of interest,
plus random noise. Let μ∗ ∈ {1, 2, . . . , s} index s patterns of
interest, where s is finite and typically small (e.g., s = 1).
Neurons are initialized as

xi(1) =
∑
μ∗

aμ∗
ξ

μ∗
i + zi, (10)
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where aμ∗
are coefficients determining the initial overlap with

pattern μ∗, and zi represents random noise independent of the
patterns:

zi
iid∼ P(z), (11)

with P(z) having zero mean and variance σ 2
z .

D. Condensed patterns and capacity

We now justify the capacity scaling P = O(Nn) through a
signal-to-noise analysis. For this scaling to yield interesting
dynamics [e.g., phase transitions at O(1) values of α], the
signal from the finite number of patterns of interest and the
noise from all other patterns encoded in the weights must
compete on equal footing.

A key insight underlying the work of Amit, Gutfreund, and
Sompolinsky [3,4] is that pattern overlaps have two possible
scalings with N , which they referred to as condensed and
uncondensed patterns. These correspond to signal and noise,
respectively:

mμ(t ) =
{

O(1) condensed patterns
O(1/

√
N ) uncondensed patterns.

(12)

The O(1) overlap signifies that the neuronal state is non-
trivially aligned with the corresponding condensed pattern.
By contrast, the O(1/

√
N ) overlap for an uncondensed pat-

tern corresponds to the typical inner product, divided by N ,
between two random, independent vectors of dimension N .
While this scaling is characteristic of independent vectors, un-
condensed patterns do influence the neuronal state—assuming
complete independence between the neuronal state and all pat-
terns would yield incorrect mean-field equations. Condensed
and uncondensed patterns are loosely analogous to the rich
and lazy regimes of neural-network activity, respectively [20].
The s patterns used for network initialization (Sec. II C) are
the condensed patterns, since they start with O(1) overlap and
maintain this scaling throughout the dynamics. The remain-
ing patterns stay uncondensed, as patterns initialized with
O(1/

√
N ) overlap cannot transition to condensed status on

O(1) timescales.
Recall that the neuronal input from stored patterns is

given by g√
α

∑
μ ξ

μ
i f μ(t ), Eq. (8). There are s condensed

patterns and P − s uncondensed patterns, where s is finite,
P = αNn, and N → ∞. For condensed patterns, we have
f μ(t ) = [mμ(t )]n = O(1), giving an O(1) contribution to the
neuronal input. Each uncondensed pattern contributes much
less individually than condensed patterns, but there are many
more of them. Since mμ(t ) = O(1/

√
N ) for uncondensed pat-

terns, we have f μ(t ) = [mμ(t )]n = O(1/Nn/2). To estimate
the total contribution from uncondensed patterns, we treat
the quenched disorder ξ

μ
i and dynamic variables f μ(t ) as

independent. While this approximation would yield incor-
rect mean-field equations, as mentioned above, it suffices
for determining the correct scaling behavior. The input from
uncondensed patterns has zero mean, and its magnitude
scales as

g√
α︸︷︷︸

prefactor

×
√

P︸︷︷︸
num. terms in sum

× σξ

Nn/2︸ ︷︷ ︸
size of each term

= gσξ , (13)

where we have used P = αNn. This shows that the noise con-
tribution from uncondensed patterns is also O(1), confirming
that signal and noise compete on equal footing for the chosen
scaling P = αNn.

III. DYNAMICAL MEAN-FIELD THEORY (DMFT)

To analyze the transient dynamics of these models in the
large-N limit, we develop a DMFT. Unlike traditional equilib-
rium approaches that focus on fixed points and their stability,
DMFT captures the full time evolution of the system, in-
cluding out-of-equilibrium states where the most interesting
memory retrieval properties emerge.

A. Order parameters

The DMFT involves three types of order parameters that
characterize macroscopic network activity. The first is the
two-time correlation function of neuronal activations,

Cφ (t, t ′) = 1

N

∑
i

φi(t )φi(t
′). (14)

The second is the response function,

Sφ (t, t ′) = 1

N

∑
i

dφi(t )

dIi(t ′)
, (15)

which measures how neuronal activations at time t respond
to infinitesimal perturbations of the source term Ii(t ′) at time
t ′. The third consists of the overlaps with the s condensed
patterns used to initialize the dynamics,

mμ∗
(t ) = 1

N

∑
i

ξ
μ∗
i φi(t ). (16)

The DMFT consists of self-consistent equations that deter-
mine these order parameters in the limit N → ∞. Finite-size,
large-N simulations are expected to match these limiting val-
ues up to O(1/

√
N ) fluctuations.

B. Approaches

Two main approaches exist for deriving DMFT equa-
tions for disordered dynamical systems: path-integral methods
and cavity methods. Both approaches address the central chal-
lenge that quenched disorder (stored patterns) and dynamic
variables (neurons and overlaps) are correlated, making naive
disorder averaging incorrect. In the Discussion, we review
path integral methods in detail, as they are the basis of most
prior work on the DMFT of Hopfield models.

In this paper, we use the cavity method, which provides
a more intuitive approach for handling correlations between
quenched disorder and dynamic variables. The basic idea is
to remove a dynamic variable from the system, creating the
titular cavity, then reintroduce it to analyze its effect on the
network perturbatively. This approach is particularly well-
suited for bipartite systems [21,22] like our neuron-overlap
formulation.

The cavity procedure consists of four steps [Fig. 1(c)]:
(1) Begin with an unperturbed system of dynamic vari-

ables for a given realization of quenched disorder.
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(2) Couple a new “cavity” variable to the existing vari-
ables via new random couplings. The cavity variable’s
introduction perturbs the existing variables.

(3) Write the dynamic equation for the cavity variable,
where the input it receives from other variables accounts for
how those variables are perturbed in response to the cavity
variable’s introduction. This perturbation generates a self-
coupling term in the resulting single-site dynamics.

(4) Average over the quenched disorder to obtain statis-
tics of the quantities appearing in this single-site picture.
The cavity construction allows these averages to be com-
puted because, in the expressions of interest, the relevant
quenched disorder—the new random couplings between the
cavity variable and the original system—is independent of
the dynamic variables. This independence holds because the
dynamic variables were defined for the original, unperturbed
system, before these new couplings were introduced.

The bipartite structure of the system further simplifies this
analysis. When introducing a cavity variable (either a neuron
or an overlap), we only need to compute its effect on the
opposite type of variables (overlaps or neurons, respectively),
since only the opposite type provides direct input to the cavity
variable. We perform the cavity analysis twice—once with a
neuron cavity and once with an overlap cavity—producing
two complementary pictures. The self-consistent equations in

each picture depend on statistical averages from the other,
creating a closed, mutually referential system that determines
the order parameters.

The calculation used here is “zero temperature” in the
sense that the dynamic variables follow deterministic evo-
lution given the quenched disorder. Such zero-temperature
cavity methods [23] have been applied to static problems,
including problems with a bipartite structure [24,25]. For a
cavity calculation of the Hopfield equilibrium properties at
finite temperature, see Ref. [26].

C. Derivation using the bipartite cavity method

1. Neuron cavity

We first add a “cavity neuron” x0(t ) with activation φ0(t )
to the system. This neuron connects to all existing overlaps
through new random couplings ξ

μ
0 . The addition of this neu-

ron perturbs the overlaps of uncondensed patterns by

δ f μ(t ) =
∑

t ′

∑
ν

df μ(t )

dIν (t ′)
1

N
ξν

0 φ0(t ′). (17)

The dynamic equation for the cavity neuron, including feed-
back in response to its own presence, is

x0(t ) = (1 − �t )x0(t − 1)

+ �t

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

g√
α

∑
μ∗

ξ
μ∗
0 f μ∗

(t − 1)

︸ ︷︷ ︸
from condensed patterns

+ g√
α

∑
μ

ξ
μ
0 f μ(t − 1)

︸ ︷︷ ︸
= η0(t−1),

neuronal cavity field

+
∑

t ′

⎡
⎣ g√

αN

∑
μ,ν

ξ
μ
0 ξν

0
df μ(t − 1)

dIν (t ′)

⎤
⎦

︸ ︷︷ ︸
= F00(t−1,t ′ ),

neuronal self-coupling kernel

φ0(t ′) + I0(t − 1)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (18)

where we have separated the contributions from condensed
patterns μ∗ and defined the neuronal cavity field and self-
coupling kernel.

The key advantage of the cavity construction is that, as
described in step (4) above, it decouples the quenched disor-
der ξ

μ
0 from the dynamic variables f μ(t ) and df μ(t )/dIν (t ′),

allowing us to evaluate disorder-averaged moments of the
cavity field and self-coupling kernel. Here and throughout the
derivation, 〈·〉 denotes an average over the quenched disorder,
namely, the random patterns ξ

μ
i , ξ 0

i , and ξ
μ
0 . By the central

limit theorem, the neuronal cavity field η0(t ) is Gaussian with
statistics

〈η0(t )〉 = g√
α

∑
μ

〈
ξ

μ
0

〉︸︷︷︸
= 0

〈 f μ(t )〉 = 0, (19)

〈η0(t )η0(t ′)〉 = g2

α

∑
μ,ν

〈
ξ

μ
0 ξν

0

〉︸ ︷︷ ︸
= δμνσ 2

ξ

〈 f μ(t ) f ν (t ′)〉

= g2σ 2
ξ Nn〈 f μ(t ) f μ(t ′)〉. (20)

Noting that f μ(t ) = O(1/Nn/2), the correlation function
〈η0(t )η0(t ′)〉 is O(1), meaning that η0(t ) itself is O(1), as
expected from the scaling arguments in Sec. II D (in which the
decoupling achieved here using the cavity construction was
instead incorrectly assumed). Meanwhile, the self-coupling
kernel F00(t, t ′) is O(1) and self-averaging with mean

F00(t, t ′) = g√
αN

∑
μ,ν

〈
ξ

μ
0 ξν

0

〉︸ ︷︷ ︸
= δμνσ 2

ξ

〈
df μ(t )

dIν (t ′)

〉

= gσ 2
ξ

√
αNn−1

〈
df μ(t )

dIμ(t ′)

〉
. (21)

These averages depend on pattern statistics, which we de-
termine through the complementary overlap-cavity analysis:

〈η0(t )η0(t ′)〉 = g2σ 2
ξ Nn〈 f 0(t ) f 0(t ′)〉, (22)

F00(t, t ′) = gσ 2
ξ

√
αNn−1

〈
df 0(t )

dI0(t ′)

〉
. (23)

To complete the analysis, we now derive the pattern overlap-
cavity equations that will allow us to compute these averages.
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2. Overlap cavity

We add an overlap m0(t ), for an uncondensed pattern,
connected to all neurons through new random couplings ξ 0

i .
The perturbation to neurons due to this cavity overlap is

δφi(t ) =
∑

t ′

∑
j

dφi(t )

dIj (t ′)
g√
α

ξ 0
j f 0(t ′). (24)

The dynamic equation for the cavity overlap is then

m0(t ) = 1

N

∑
i

ξ 0
i φi(t )

︸ ︷︷ ︸
= η0(t ), overlap cavity field

+
∑

t ′

⎡
⎣ g√

αN

∑
i, j

ξ 0
i ξ 0

j

dφi(t )

dIj (t ′)

⎤
⎦

︸ ︷︷ ︸
= F 00(t,t ′ ), overlap self-coupling kernel

f 0(t ′) + I0(t ),

(25)

where we have defined the overlap cavity field and self-
coupling kernel. As with the neuronal cavity, we use the
independence of quenched disorder and dynamic variables to
evaluate disorder averages. The cavity field η0(t ) is Gaussian
with statistics 〈

η0(t )
〉 = 1

N

∑
i

〈
ξ 0

i

〉︸︷︷︸
= 0

〈φi(t )〉 = 0, (26)

〈
η0(t )η0(t ′)

〉 = 1

N2

∑
i, j

〈
ξ 0

i ξ 0
j

〉︸ ︷︷ ︸
= δi jσ

2
ξ

〈φi(t )φ j (t
′)〉

= σ 2
ξ

N
Cφ (t, t ′). (27)

The correlation function 〈η0(t )η0(t ′)〉 is O(1/N ), implying
that η0(t ) = O(1/

√
N ), consistent with the overlap itself be-

ing O(1/
√

N ) as expected for an uncondensed pattern. Mean-
while, the self-coupling kernel is O(1) and self-averaging with
mean

F 00(t, t ′) = g√
αN

∑
i, j

〈
ξ 0

i ξ 0
j

〉︸ ︷︷ ︸
= δi jσ

2
ξ

〈
dφi(t )

dIj (t ′)

〉

= gσ 2
ξ√
α

Sφ (t, t ′). (28)

Thus, the overlap cavity picture’s cavity field and self-
coupling kernel depend on the neuronal order parameters
Cφ (t, t ′) and Sφ (t, t ′), which can be determined within the
neuronal cavity picture. This creates mutually referential cav-
ity pictures that together determine the order parameters.

3. Evaluating correlation and response functions

Since we aim to determine the neuronal order parameters
Cφ (t, t ′), Sφ (t, t ′), and mμ∗

(t ), it is useful to close the mean-
field equations in neuronal quantities. To do this, we must

evaluate the neuronal cavity-field correlation Eq. (22) and
self-coupling kernel Eq. (23). To deal with temporal indices,
it is helpful to use the following vector and matrix notation:

(1) For a time-dependent scalar quantity q(t ) with t ∈
{1, 2, . . . , T }, we define the corresponding T -dimensional
vector q with components [q]t = q(t ).

(2) For a two-time function M(t, t ′) with t, t ′ ∈
{1, 2, . . . , T }, we define the corresponding T × T matrix
M with elements [M]t,t ′ = M(t, t ′).

(3) For a two-time derivative dψ (t )/dI (t ′), we define
the corresponding T × T matrix dψ/dIT with elements
[dψ/dIT ]t,t ′ = dψ (t )/dI (t ′).

In this notation, Eqs. (22) and (23) for the neuronal cavity-
field correlation and self-coupling kernel, respectively, are〈

η0η
T
0

〉 = g2σ 2
ξ Nn〈 f (m0) f (m0)T 〉, (29)

F00 = gσ 2
ξ

√
αNn−1

〈
df (m0)

d (I0)T

〉
, (30)

where f (m0) applies the nonlinearity elementwise to the vec-
tor m0. We need to evaluate these expressions to leading order,
namely, O(1). From the overlap cavity picture, m0 obeys, in
matrix notation,

m0 = η0 + gσ 2
ξ√
α

Sφ f (m0) + I0, (31)

where 〈η0〉 = 0, 〈η0(η0)T 〉 = σ 2
ξ

N
Cφ. (32)

Here, η0 is Gaussian and m0 is determined by solving the
nonlinear equation (31).

At this point, the analysis diverges between the Hopfield
(n = 1) and higher-order models (n > 1). In the n = 1 case,
the overlap equation (31) is linear, which simplifies the cal-
culations. For n > 1, Eq. (31) is nonlinear, but the nonlinear
self-interaction is smaller than η0 by a factor of 1/N (n−1)/2,
allowing for a perturbative treatment.

Before handling each case, we derive a general expression
for the response-function term 〈dm0/d (I0)T 〉 that applies to
both cases. Differentiating both sides of Eq. (31) with respect
to I0 and solving for dm0/d (I0)T gives

dm0

d (I0)T
=

(
I − gσ 2

ξ√
α

SφD[ f ′(m0)]

)−1

, (33)

where D[·] denotes a diagonal matrix with the argument vec-
tor on the diagonal when applied to a vector, or zeros out
the off-diagonal elements when applied to a matrix; I is the
identity matrix; and we set I0 = 0. This allows us to express
Eq. (30) as

F00 = gσ 2
ξ

√
αNn−1

×
〈
D[ f ′(m0)]

(
I − gσ 2

ξ√
α

SφD[ f ′(m0)]

)−1〉
. (34)
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Hopfield model (n = 1). For the Hopfield model, due to the
linearity of the overlap dynamics, we have

m0 = dm0

d (I0)T
η0, (35)

where
dm0

d (I0)T
=

(
I − gσ 2

ξ√
α

Sφ

)−1

. (36)

Thus, Eq. (29) becomes

〈
η0η

T
0

〉 = g2σ 2
ξ N〈m0(m0)T 〉

= g2σ 2
ξ N

〈
dm0

d (I0)T
η0(η0)T

(
dm0

d (I0)T

)T
〉

= g2σ 4
ξ

(
I − gσ 2

ξ√
α

Sφ

)−1

Cφ

(
I − gσ 2

ξ√
α

Sφ

)−T

. (37)

Meanwhile, since f (m) = m, Eq. (34) simplifies to

F00 = gσ 2
ξ

√
α

(
I − gσ 2

ξ√
α

Sφ

)−1

. (38)

Higher-order models (n > 1). For n > 1, the pattern equa-
tion (31) is nonlinear, but, as mentioned above, the nonlinear
self-coupling term f (m0) is smaller than the Gaussian input η0

by a factor of 1/N (n−1)/2, permitting a perturbative treatment.
For Eq. (29), to leading order, we can replace m0 with η0:〈

η0η
T
0

〉 = g2σ 2
ξ Nn〈 f (η0) f (η0)T 〉

= g2σ
2(n+1)
ξ Pn,n, (39)

where we define the matrices

Pn,n′ = 〈un(un′
)T 〉u∼N (0,Cφ ), (40)

with powers applied elementwise.
For the response function, noting that f ′(m0) =

O(1/N (n−1)/2), we expand the matrix inverse in Eq. (34):

F00 = gσ 2
ξ

√
αNn−1

〈
D[ f ′(m0)]

(
I + gσ 2

ξ√
α

SφD[ f ′(m0)] + · · ·
)〉

= gσ 2
ξ

√
αNn−1〈D[ f ′(m0)]〉 + g2σ 4

ξ Sφ ◦ 〈Nn−1 f ′(m0) f ′(m0)T 〉 + · · · , (41)

where ◦ denotes the Hadamard product.
For odd n, f ′(m) = nmn−1 is an even function, so

〈 f ′(m0)〉 �= 0 and is O(1/N (n−1)/2). The first term in the ex-
pansion Eq. (41) then scales as O(N (n−1)/2), which diverges.
This divergence could presumably be removed through exclu-
sion of self-interactions in Eq. (1). We leave this to future
work and restrict to even n, for which f ′ is odd, and the
problematic term vanishes. The different scaling behaviors
of the neuronal input for even and odd n can be illustrated
through a simple numerical experiment (Appendix D, Fig. 7).

For even n, we use Eq. (31) to iteratively express f ′(m0) in
terms of η0:

f ′(m0) = f ′(η0) + gσ 2
ξ√
α
D[ f ′′(η0)]Sφ f (η0) + · · · , (42)

whose kth term is O(1/Nk(n−1)/2). Substitution into the first
term of the F00 expansion Eq. (41) gives

gσ 2
ξ

√
αNn−1

〈
D[ f ′(m0)]

〉 = gσ 2
ξ

√
αNn−1

〈
D[ f ′(η0)]

〉 + g2σ 4
ξ Nn−1D[Sφ

〈
f (η0) f ′′(η0)T

〉
] + · · · . (43)

Since n is even, f ′(m) is an odd function, so 〈 f ′(η0)〉 = 0. For the second term in the expansion Eq. (41), we need
〈Nn−1 f ′(m0) f ′(m0)T 〉. To leading order, we can replace f ′(m0) with f ′(η0). Combining these results gives

F00 = g2σ 4
ξ [D[Sφ〈Nn−1 f (η0) f ′′(η0)T 〉] + Sφ ◦ 〈Nn−1 f ′(η0) f ′(η0)T 〉], (44)

where D[·] now extracts the diagonal elements. This can be written as

F00 = g2σ
2(n+1)
ξ [n(n − 1)D[SφPn,n−2] + n2Sφ ◦ Pn−1,n−1]. (45)

4. Final self-consistent system

In the single-site picture, x0(t ) evolves from an initial condition, driven by a cavity field and self-coupling. The statistics of
this single-site process determine the self-coupling kernel and cavity-field correlation function:

x0(1) =
∑
μ∗=1

aμ∗
ξ

μ∗
0 + z0, (46)

x0(t ) = (1 − �t )x0(t − 1) + �t

[
g√
α

∑
μ∗=1

ξ
μ∗
0 [mμ∗

(t − 1)]n + η0(t − 1) +
t−1∑
t ′=1

F00(t − 1, t ′)φ0(t ′)

]
, (47)
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Cη0 =
⎧⎨
⎩g2σ 4

ξ

(
I − gσ 2

ξ√
α

Sφ
)−1

Cφ
(
I − gσ 2

ξ√
α

Sφ
)−T

n = 1

g2σ
2(n+1)
ξ Pn,n n > 1, even,

(48)

F00 =
⎧⎨
⎩gσ 2

ξ

√
α
(
I − gσ 2

ξ√
α

Sφ
)−1

n = 1

g2σ
2(n+1)
ξ {n(n − 1)D[SφPn,n−2] + n2Sφ ◦ Pn−1,n−1} n > 1, even.

(49)

The DMFT is closed by the following self-consistency con-
ditions, with the single-site average 〈·〉single-site defined in
Eq. (53):

Cφ (t, t ′) = 〈
φ0(t )φ0(t ′)

〉
single-site, (50)

Sφ
(
t, t ′) =

〈
dφ0(t )

dI0(t ′)

〉
single-site

, (51)

mμ∗
(t ) =

〈
ξ

μ∗
0 φ0(t )

〉
single-site

, (52)

where the single-site average 〈·〉single-site denotes averaging
over the Gaussian noise realization, condensed pattern com-
ponents, and initialization noise:

〈· · · 〉single-site = 〈· · · 〉 η0∼N (0,Cη0 )

ξ
μ∗
0

iid∼P(ξ ) for μ∗=1,...,s
z0∼P(z)

. (53)

These equations form a closed system that can be solved
numerically to obtain the dynamical behavior of the model
in the N → ∞ limit.

D. Energy function

The models we study possess energy functions that govern
their dynamics [11,12]. For a configuration of neuronal acti-
vations �φ = {φi}N

i=1, the O(1) energy is

ε[ �φ] = − g

(n + 1)
√

α

∑
μ

(mμ)n+1 + 1

N

∑
i

F (φi), (54)

where F (φ) satisfies F ′(φ) = φ−1(φ) (Appendix A). The
continuous-time limit of the dynamics obeys

∂t xi(t ) = −N∂φiε[ �φ(t )]. (55)

Note that these are not gradient dynamics because the left-
hand side specifies the time derivative of xi while the
right-hand side is a gradient with respect to φi. Nevertheless,
ε[ �φ] acts as a Lyapunov function since the energy decreases
monotonically:

∂tε[ �φ] =
∑

i

∂φiε[ �φ]φ′
i (t )∂t xi(t )

= − 1

N

∑
i

φ′
i (t )[∂t xi(t )]2 � 0, (56)

where the inequality follows because the nonlinearity is
monotonic, φ′(x) > 0. In the DMFT framework, we can

express the energy in terms of order parameters as

ε(t ) = −
{√

α

2g 〈η0(t )η0(t )〉single-site n = 1
〈η0(t )φ0(t )〉single-site n > 1, even

}

− g

(n + 1)
√

α

∑
μ∗=1

[
mμ∗

(t )
]n+1 + 〈F (φ0(t ))〉single-site.

(57)

We found this expression to be the most numerically stable of
several equivalent formulations.

E. Numerical solution of the DMFT

We solve the self-consistent DMFT equations using an
iterative procedure that samples trajectories and updates order
parameters. A very closely related approach for an ecological
system is detailed in Ref. [17]. The steps are as follows:

(1) Initialize order parameters Cφ , Sφ , and mμ∗
for μ∗ ∈

{1, 2, . . . , s}.
(2) Sample M noise trajectories ηm, m ∈ {1, 2, . . . , M},

through Cholesky decomposition of Cη0 .
(3) Sample M sets of s condensed patterns ξμ∗

m .
(4) Forward integrate the M trajectories using the single-

site dynamics to get xm and φm = φ(xm), yielding updated
correlation function Cφ and overlaps mμ∗

in the straightfor-
ward way [Eqs. (58) and (59) below].

(5) Compute an updated response function Sφ (described
in Sec. III E 1 below).

(6) Update order parameters with memory factor γ ∈
[0, 1]:

Cφ
new = (1 − γ )Cφ

old + γ
1

M

∑
m

φmφT
m, (58)

mμ∗
new = (1 − γ )mμ∗

old + γ
1

M

∑
m

ξμ∗
m φm, (59)

Sφ
new = (1 − γ )Sφ

old + γ Sφ
tot. (60)

(7) Repeat steps (2)–(6) until convergence of order
parameters.

1. Response function (Sφ
tot) computation

For each trajectory m, the response function is com-
puted through forward integration in t for each fixed s. The
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computation begins at t = s and proceeds forward in time:

Sx
m(t, s) = (1 − �t )Sx

m(t − 1, s)

+ �t

[
t−1∑
t ′=s

F00(t − 1, t ′) φ′
m(t ′) Sx

m(t ′, s) + δt−1,s

]
,

(61)

subject to initial conditions

Sx
m(s, s) = 0. (62)

The equation is applied sequentially for t = s + 1, s +
2, . . . , T to build up the full response function. For each
trajectory, the activation response function is

Sφ
m(t, s) = φ′

m(t ) Sx
m(t, s). (63)

The final response function is obtained by averaging over all
trajectories:

Sφ
tot(t, s) = 1

M

∑
m

Sφ
m(t, s). (64)

We implement the numerical solution on a GPU using Py-
Torch, enabling efficient computation with large sample sizes
M. The primary computational loops are the T time steps
for trajectory evolution and the T (T − 1)/2 time steps for
response function integration. The O(T 2) response function
computation dominates the runtime in practice.

IV. RESULTS

A. Simulation setup

We restrict our analysis to interaction orders n = 1, 2, and
4. Validation with finite-size simulations requires large N to
reduce fluctuations that scale as O(1/

√
N ), but the scaling

P = O(Nn) makes the number of patterns prohibitively large
for n > 4. We exclude n = 3 due to the divergent behavior
identified in Sec. III.

All simulations and DMFT solutions focus on the retrieval
of a single condensed pattern, so we drop the μ∗ superscript
and denote the overlap as m(t ). We initialize the system ac-
cording to Eq. (10) with a = āg, where ā ∈ [0, 1] controls the
initial alignment with the pattern of interest. The initialization
noise level is set to σz =

√
g2 − a2 [see Eq. (11)] so that the

variance of the initial condition remains constant as we vary
ā. By sweeping ā from 0 to 1, we explore a range of initial
overlaps with the stored pattern.

For simulations, we use system sizes N = 20 000, 2000,
and 200 for n = 1, 2, and 4, respectively, with time steps
�t = 0.25 for n = 1, 2 and �t = 0.05 for n = 4 to ensure
numerical stability. We examine the effects of g and �t in the
Hopfield model in Appendix C.

B. Equilibrium analysis

We first confirm that our model exhibits the equilibrium
blackout catastrophe—the discontinuous phase transition
where high-overlap solutions vanish above a critical capacity.
We derive a mean-field theory for fixed-point solutions by
removing the time dependencies from our DMFT equations.
For the gain parameter g = 1.5 used throughout our analyses,

we obtain critical capacities αc ≈ 0.13, 0.080, and 0.0011
for n = 1, 2, and 4, respectively. Details of this fixed-point
analysis are provided in Appendix B.

C. Retrieval dynamics and key phenomena

The DMFT solutions show two types of retrieval behaviors.
Stable retrieval occurs when the overlap converges to a

value independent of local variations in initial conditions. The
convergence is rapid, and the asymptotic overlap is close to
unity, as expected from prior equilibrium analyses [3,4,18].

Transient retrieval occurs when the overlap initially in-
creases but then decreases, failing to reach a stable state.
This occurs either when networks exceed capacity or when
they are initialized outside basins of attraction. The initial
increase is fast, while the eventual decay is much slower,
and the late-time overlap value appears to remain nonzero,
consistent with the “remnant overlap” found in simulations
of binary-spin Hopfield models [4]. We cannot determine
the exact asymptotic values of this remnant overlap because
the O(T 2) time complexity of our numerical solver limits the
accessible time horizon.

Unlike in networks of binary spins, the time-dependent
variance Cφ (t, t ) is nontrivial, and changes in the overlap m(t )
reflect both changes in alignment with the pattern and changes
in the variance of the neuronal state. We therefore focus on the
normalized overlap,

m̄(t ) = m(t )

σξ

√
Cφ (t, t )

, (65)

which lies in [−1, 1]. We define m̄init = m̄(1) as the initial
normalized overlap.

D. Validation and main results

We first verify that DMFT solutions match finite-size sim-
ulations. Figure 2 demonstrates excellent agreement between
theory and simulations for the overlap m(t ), equal-time corre-
lation function Cφ (t, t ), and normalized overlap m̄(t ).

The normalized overlap exhibits two regimes:
Below capacity (α < αc). When m̄init is sufficiently large,

m̄(t ) converges to a stable retrieval state with rapid conver-
gence and final values close to unity. For smaller m̄init, m̄(t )
transiently increases and then decays slowly. Thus, even when
initialized outside the basin of attraction, patterns can still be
transiently recalled.

Above capacity (α > αc). No initial overlap m̄init is suf-
ficiently large to elicit stable retrieval. Instead, we observe
transient retrieval for all m̄init. However, contrary to the
equilibrium picture predicting abrupt breakdown, maximum
normalized overlaps achieved can be quite high. Since the
transient increase is fast and subsequent decay much slower,
this behavior can resemble stable retrieval from the below-
capacity regime, with the key difference being eventual slow
decay rather than convergence to a stable state.

E. Transient-recovery curves

To quantify memory retrieval performance beyond sta-
ble attractors, we introduce transient-recovery curves. These
curves characterize a network’s ability to recall stored patterns
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FIG. 2. Dynamical evolution of order parameters for Hopfield (n = 1) and dense associative memory models (n = 2, 4). (a) Below-capacity
dynamics with α = 0.10, 0.05, 0.001 for n = 1, 2, 4, respectively. (b) Above-capacity dynamics with α = 0.20, 0.10, 0.005 for n = 1, 2, 4,
respectively. In panels (a) and (b), we show (top) raw overlap m(t ), (middle) equal-time correlation Cφ (t, t ), and (bottom) normalized overlap
m̄(t ) = m(t )/[σξ

√
Cφ (t, t )]. Gray traces show individual finite-size simulations with N = 20 000, 2000, 200 for n = 1, 2, 4, respectively; black

lines show simulation medians; and magenta lines show DMFT predictions.

by plotting the maximum normalized overlap achieved during
the entire dynamical evolution,

m̄max = max
t

m̄(t ), (66)

as a function of the initial normalized overlap m̄init. Each curve
captures the best retrieval performance accessible through
transient dynamics, regardless of whether this optimal re-
trieval occurs at a stable fixed point or during a transient.
Figure 3 shows these transient-recovery curves for the Hop-
field model and dense associative memory models with n = 2
and n = 4, where each curve corresponds to a different mem-
ory load α.

All curves lie above the diagonal since m̄max � m̄init. When
α is sufficiently small and m̄init is sufficiently large, the

network enters a stable retrieval state. This is reflected by
the curve becoming flat. That is, m̄max becomes insensitive to
local changes in m̄init. Below capacity but outside the basin
of attraction, m̄max increases smoothly with m̄init until enter-
ing the basin, reflecting transient retrieval. Above the critical
threshold, the entire curve shows smooth increases due to
transient retrieval.

The transient-recovery curves reveal that going above ca-
pacity results in changes to retrieval performance that are far
more graceful than equilibrium analyses might suggest. As
α increases from below to above critical capacity, the curves
change smoothly rather than exhibiting abrupt discontinuities
(of course, the presence or absence of a flat plateau represents
a qualitative difference between the two regimes). Thus, the
blackout catastrophe is considerably less catastrophic when
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FIG. 3. Transient-recovery curves for Hopfield model (n = 1) and dense associative memory models (n = 2, 4). Each curve plots the
maximum normalized overlap m̄max achieved during dynamical evolution versus the initial normalized overlap m̄init. Different curves within
each panel correspond to different memory loads α = P/Nn. The diagonal line is the trivial lower bound where maximum overlap equals initial
overlap.
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FIG. 4. Energy dynamics for different initial overlaps (g = 1.5). (a) Below-capacity dynamics with α < αc. (b) Above-capacity dynamics
with α > αc. In panels (a) and (b), columns show n = 1, 2, 4 from left to right. Different curves in each panel correspond to different initial
normalized overlaps m̄init. Gray traces show individual finite-size simulations; black lines show simulation medians; and magenta lines show
DMFT predictions. (c) Example showing correspondence between energy decay and overlap evolution for n = 1, α = 0.16. (top) normalized
overlap m̄(t ); (middle) energy ε(t ); (bottom) energy derivative dε(t )/dt . Horizontal axis shows time on a log scale. The fast rise and slow
decay of the normalized overlap correspond to fast decay and slow decay of the energy, consistent with the system navigating shallow energy
landscape features near stored patterns that eventually drive it away from the memory. (d) Schematic of the energy landscape structure near a
stored pattern in the below-capacity regime, where a stable basin exists (top), and in the above-capacity regime, where a slow, unstable region
persists despite the elimination of the stable basin (bottom).

viewed through transient dynamics. Networks retain substan-
tial memory function even beyond their critical capacities,
provided one accepts transient rather than persistent recall.

While comparing individual curves at fixed α across dif-
ferent n is not meaningful since αc varies strongly with n, the
families of curves generated by varying α can be compared.
Comparing these families across interaction orders reveals
important differences in transient retrieval characteristics. The
Hopfield model exhibits the most graceful degradation, with
curves that maintain roughly symmetric shape around the
diagonal as α increases. In contrast, higher-order models
show increasingly asymmetric behavior, with transient recov-
ery effects becoming most pronounced for large m̄init. This
asymmetry is most extreme for n = 4, where large initial
overlaps are required to obtain substantial transient retrieval.
Conversely, the Hopfield model shows significant transient
recovery even for modest initial overlaps.

F. Energy dynamics

We now show that transient retrieval is caused by slow
regions in the energy landscape near memories where, below
capacity, stable fixed points previously existed.

Figures 4(a) and 4(b) show energy versus time for dif-
ferent initial overlaps, with columns representing n = 1, 2, 4
and Figs. 4(a) and 4(b) showing below- and above-capacity
regimes, respectively. When entering stable retrieval states
(below capacity with sufficient initial overlap), the energy
quickly drops to a fixed value independent of the specific
initial overlap. When displaying transient retrieval (above
capacity or with small initial overlap), the energy exhibits
two distinct timescales of decay: fast initial decay followed
by slow decay. This slow decay corresponds to the system
exploring regions of small gradient (that is, slow regions) of
the energy landscape.

The correspondence between energy and overlap dynamics
is illustrated in Fig. 4(c), which shows three complementary
views: normalized overlap m̄(t ) (top), energy ε(t ) (middle),
and energy time derivative dε(t )/dt (bottom), all shown on a
logarithmic timescale. The fast energy decay corresponds to
the fast rise of m̄(t ), while the slow energy decay corresponds
to the slow decay of m̄(t ). This demonstrates that transient
retrieval occurs when the system becomes trapped in slowly
varying regions of the energy landscape—residual features
of the stable fixed points that existed below capacity. We
schematize this landscape structure in Fig. 4(d).

G. Optimal readout time

In networks storing memories as stable fixed points, mem-
ories can be read out at any sufficiently late time after
convergence. However, when memories are retrieved via tran-
sient dynamics in slow regions of the energy landscape, there
exists an optimal readout time that maximizes retrieval perfor-
mance.

Figure 5 plots the optimal readout time,

topt = arg maxt m̄(t ), (67)

from the DMFT as a function of m̄init. Each row shows in-
creasing values of α, with columns showing n = 1, 2, 4. When
the network enters a stable retrieval state for sufficiently high
m̄init below capacity, we shade the region and do not plot
topt since no well-defined unique optimal time exists—any
sufficiently late time yields the same high overlap.

In networks below capacity (with shaded regions), topt

grows monotonically as m̄init approaches the basin boundary.
This growth becomes rapid and possibly divergent (though
we cannot confirm this due to T being finite in our solutions)
as m̄init approaches the critical value for entering the basin of
attraction.
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FIG. 5. Optimal readout time topt = arg maxt m̄(t ) as a function
of initial normalized overlap m̄init. Columns show n = 1, 2, 4 from
left to right. Rows show increasing values of α. Magenta lines show
DMFT values of topt. Green shaded regions indicate where the net-
work enters a stable retrieval state, making the optimal readout time
undefined since any late time works equally well.

In networks above capacity (without shaded regions),
no basin of attraction exists and the optimal readout time
curves become nonmonotonic. topt increases for small m̄init,
reaches a maximum at intermediate values—roughly where
the below-capacity critical m̄init was located—then decreases
back toward topt = 0 at m̄init = 1. This nonmonotonic behavior
reflects the structure of the energy landscape: initial condi-
tions with intermediate overlap can access the slow regions
of the energy landscape near the stored pattern, making it
worthwhile to wait as the system exploits these landscape
features to increase overlap before eventual decay. In con-
trast, initial conditions with very high overlap are already
near optimal alignment, while those with very low overlap
cannot access the relevant landscape features. In these cases,
there is little benefit to waiting, as the system either starts
near its optimal retrieval performance or cannot meaningfully
improve retrieval performance through transient dynamics.

V. DISCUSSION

A. Historical methods

While we have used the cavity method for its intuitive
appeal and suitability to bipartite systems, most prior the-
oretical work on Hopfield dynamics has used path-integral
approaches. We briefly review these methods, both to place
our approach in context and to clarify the relationship

between prior DMFT derivations and ours. One version of
the path-integral approach, applicable to systems described
by differential or difference equations (potentially with noise,
e.g., Langevin dynamics), is known as the Martin–Siggia–
Rose–De Dominicis–Janssen (MSRDJ) formalism [27–29].
This approach constructs a generating functional encoding
correlation and response functions through its derivatives. The
functional enforces the equations of motion using integral
representations of delta functions. After averaging over the
quenched disorder, order parameters are introduced that factor
a resulting action across sites, and the order parameters are
determined via saddle points at large N . This formalism has
been used extensively to study the dynamics of disordered
systems. For instance, Sompolinsky and Zippelius [30] used
it to study Langevin equations for a soft-spin version of the
Sherrington-Kirkpatrick model, and it has found rich appli-
cations in disordered recurrent neural networks [31–33]. The
path-integral formalism also permits analysis of fluctuations
around the N → ∞ values of the order parameters, enabling
computation of quantities such as the Lyapunov exponent [31]
or the dimension of activity [21] in random recurrent neural
networks.

For discrete spins evolving at finite temperature, the natural
description uses master equations (e.g., describing Glauber
dynamics), and path-integral approaches have been devel-
oped for these systems as well. Sommers [34] developed one
such method for the Sherrington-Kirkpatrick model, although
this derivation was later questioned [35]. Nevertheless, this
formalism became the foundation for subsequent work on
Hopfield dynamics. Rieger et al. [36] used the Sommers
formulation to study Hopfield dynamics but did not solve
the DMFT equations, instead recovering replica-symmetric
results of [3,4] through long-time limits. A similar approach
was taken by Horner et al. [37], who studied binary-spin Hop-
field dynamics starting from a generating functional “derived
from Langevin dynamics of soft spin variables or from Som-
mers’s formulation,” then solved the DMFT equations using
approximation schemes. For a review of these methods, see
Coolen and Sherrington [38] and, more recently, Coolen [39].
Another interesting work is that of Gardner et al. [40], who
used essentially the MSRDJ formalism to study deterministic,
discrete-time evolution of binary spins in the Hopfield model
(as well as the Sherrington-Kirkpatrick model and, briefly,
higher-order generalizations of the Hopfield model; see be-
low), deriving DMFT equations and analytically examining
the first few time steps of retrieval.

B. Prior work on dynamics of associative memory models

1. Hopfield model

As mentioned above, both Gardner and Horner had DMFT
equations in hand, although their analyses had important lim-
itations. Gardner et al. [40] derived full DMFT equations for
the binary-spin Hopfield model with parallel dynamics but
could only solve them analytically for the first few time steps,
since the number of order parameters grows quadratically in
time, rendering the analytics increasingly complicated.

Subsequent work sought to make progress by reducing the
quadratic number of order parameters to a linear number at
the cost of approximation. Horner et al. [37] started from
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the full two-time DMFT equations and derived an approxi-
mation scheme that reduces them to evolution equations for
single-time quantities, interpolating between exact short-time
behavior and the replica-symmetric stationary solution. The
resulting equations could be integrated numerically to obtain
the full overlap trajectory m(t ), but the dynamics at interme-
diate times are approximate. Amari and Maginu [41] took
a different approach, bypassing the DMFT entirely and in-
stead appealing to heuristic Gaussianity assumptions about
the noise experienced by each neuron. This yields evolution
equations for a small number of macroscopic variables (the
overlap and a variance), which also cannot capture the full
two-time structure of the DMFT. Both works dealt with binary
spins rather than the continuous variables studied here.

Both Horner and Gardner noted, but did not explore in
detail, the nonmonotonic nature of retrieval that is central to
our work. Gardner et al. [40] showed analytically that, for
binary-spin Hopfield networks with parallel dynamics, the
overlap with a stored pattern can increase during the first
few time steps even above the critical capacity αc ≈ 0.14,
provided α < 2/π ≈ 0.64. Horner et al. [37] observed the
same effect but described it as “not very efficient” and did
not pursue it further. Finally, despite its heuristic nature, the
work of Amari and Maginu [41] is notable as an early, explicit
analysis of transient retrieval phenomenology.

2. Beyond Hopfield: Dense models

For dense associative memory models with higher-order
interactions, Gardner et al. [40] provided the free energy as
a function of order parameters to be determined via saddle
points and computed the overlap after the first time step. How-
ever, the authors did not write out the full DMFT equations for
these models, in contrast with the standard Hopfield case for
which they derived the complete DMFT.

During preparation of the present paper, Mimura et al. [42]
provided a derivation, using path-integral methods, of DMFT
equations for binary-spin dense associative memory models
with deterministic dynamics. Their calculation should agree
with the one initiated by Gardner et al. [40]. In contrast with
our work, they studied binary-spin rather than graded-activity
networks, used discrete time (�t = 1) rather than continuous
time, and derived the DMFT using generating functionals
rather than the cavity method. They did not attempt to solve
the equations numerically; instead appealing to an approx-
imation that eliminates the self-coupling in the single-site
dynamics, which is distinct from the approximation strategies
of Horner et al. [37] and Amari and Maginu [41] discussed
above. They also did not analyze transient retrieval or energy
dynamics, nor did they compare their results to simulations.

3. Beyond Hopfield: Vector models

Nicoletti et al. [43] studied analytically and in simulations
a Hopfield model with d-dimensional vector spins [meaning
that each spin is a vector confined to a (d − 1)-sphere], fo-
cusing on how capacity and transient retrieval are affected
by d . For d = 1, one recovers binary spins, and the first-
step retrieval formula of Nicoletti et al. [43] recovers the
corresponding result of Gardner et al. [40], namely, that tran-
sient retrieval occurs for α < 2/π . For d > 1, Nicoletti et al.

[43] showed that the critical capacity for equilibrium retrieval
shrinks with d (αc ∝ 1/d), while the critical capacity for first-
step transient denoising grows with d (α̃ ∝ d). Nicoletti et al.
[43] note that they “do not know why the first-step retrieval
phase grows with spin dimension d” and leave this as an open
question, referencing the present paper’s energy-landscape
interpretation as a potential “geometric memory hypothesis.”
We propose that increasing spin dimension enlarges the slow
regions of the energy landscape near each pattern, which
would simultaneously account for both the reduced static
capacity (as enlarged slow regions of neighboring patterns
interfere at lower loads) and the enhanced transient retrieval
(as the slow regions become more prominent and persist to
higher loads). Further probing this hypothesis is an interesting
direction for future work.

4. More analytically tractable associative memory models

A rather different well-studied case of Hopfield model
dynamics is that of randomly diluted networks, where a ran-
dom mask is applied following Hebbian construction of the
weights to zero out many matrix elements [44–47]. In the limit
where each neuron receives K inputs with K → ∞, N → ∞,
and K/N → 0, the preactivations become Gaussian, allow-
ing an analytical solution similar to that for chaotic random
recurrent networks [48]. An interesting finding of Pereira-
Obilinovic et al. [47] is that, in this setting, overloading the
network is associated with the emergence of chaotic attractors
in the vicinity of stored patterns, a consequence of the random
sparsity. In the fully connected models we study, overloading
instead leads to the usual spin-glass phase governed by an
energy function, and we characterize the dynamics on the
resulting complex landscape.

One analytically tractable model of associative memory
dynamics is that of Ref. [49], in which all N neuronal variables
are jointly constrained to a sphere (as opposed to the vector
model of Nicoletti et al. [43], where each individual neuron is
a d-dimensional vector on its own sphere). Interactions are
four-way in this model, since pairwise interactions do not
allow a retrieval phase. In this case, one can use generating
functional (or, presumably, cavity) techniques to derive dif-
ferential equations governing the evolution of the two-time
order parameters. This approach is similar to that used for
p-spin-glass models, whose DMFT and aging behavior were
studied in Ref. [50].

C. Dynamical perspective

Equipped with the DMFT solutions derived and numeri-
cally solved in this work, we have taken a dynamical rather
than an equilibrium perspective on associative memory mod-
els. While equilibrium analyses reveal the existence and
stability of memory states, the dynamical view provides com-
plementary insights into transient evolution, where much of
the interesting memory retrieval actually occurs. We demon-
strated that patterns can be transiently retrieved even when
stable attractors no longer exist due to slow regions that
persist in the energy landscape near stored patterns. The
idea of using dynamics to probe energy landscape structure
has precedent; Sompolinsky and colleagues [30,51] famously
used finite-temperature dynamics of soft-spin-glass models to
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uncover the ultrametric energy-landscape structure underlying
the replica solution.

We introduced transient-recovery curves (Sec. IV E) as
a tool for characterizing retrieval performance without re-
quiring stable states, revealing that transient recall behavior
changes gracefully as capacity increases rather than exhibiting
an abrupt breakdown. Methods for characterizing or reverse-
engineering recurrent neural networks whose computations
rely on transient dynamics remain nascent [16] compared with
fixed-point-based methods [14], and this area warrants further
attention.

The optimal time topt before reading out a memory can be
quite long, particularly when the system is initialized near
the edge of a basin of attraction below capacity or near
where this edge used to be above capacity (Sec. IV G). In
this regime, multiple steps of recurrent dynamics contribute
substantially to retrieval beyond the static information stored
in the weights. Indeed, in very sparsely connected networks,
multiple time steps are required simply for information to
propagate across the network [52]. A separate but related
question is whether recurrent application of the same weights
differs fundamentally from a deep feedforward architecture
with untied weights; Bauer et al. [53] recently compared
the two for learning general functions, although not retrieval
specifically.

D. Applications to other recurrent networks

The analytical and numerical DMFT tools developed here
should be useful for analyzing other large recurrent neu-
ral networks where transient dynamics play important roles.
For example, minor modifications of our equations and nu-
merical techniques allow for determining order parameters
in randomly connected recurrent neural networks with vary-
ing levels of reciprocal correlation, ρ = 〈Ji jJji〉/〈J2

i j〉. This
problem was studied in simulations by Ref. [54], and the
mean-field theory was solved under the assumption of station-
ary dynamics (dependence of order parameters only on t − t ′)
by Ref. [55]. A similar approach was applied to the random
Lotka-Volterra model in ecology by Ref. [17]. For ρ = 1,
there exists a Lyapunov function and nonstationary behavior
is guaranteed; such a system is analogous to zero-temperature
dynamics in the Sherrington-Kirkpatrick model [30]. An
open question remains whether nonstationary behavior per-
sists (rather than eventually equilibrating to a time-translation
invariant state) only at ρ = 1, for all ρ above a critical ρc > 0,
or for all ρ > 0.

E. Exponential models

The dense associative memory models we study achieve
polynomial capacity, P = O(Nn). A separate line of work has
studied associative memory models with exponential capacity,
which arise when the energy function involves an exponential,
rather than monomial, nonlinearity applied to the overlaps
[56–58]. These models have attracted significant interest due
to their connection with the attention mechanism in transform-
ers [57]; for a recent review, see Ref. [59]. The equilibrium
properties of exponential-capacity models have been analyzed
by Lucibello and Mézard [58] using the observation that

the noise term in the neuronal input takes the form of a
random-energy-model free energy (see also Ref. [60]). This
analysis has been extended to structured patterns living on
low-dimensional manifolds [61] (see also Sec. V G). As Lu-
cibello and Mézard [58] note, “the full analytic computation
of attraction basins requires following a trajectory in time.
This is a complicated task, which has not been done in the
standard Hopfield model, and which is beyond the reach of our
method.” Our DMFT framework addresses precisely this gap
for both the Hopfield and higher-order polynomial-capacity
cases, where the capacity scaling P = O(Nn) permits a con-
trolled treatment of the noise from uncondensed patterns via
expansions in 1/

√
N . Extending the DMFT to exponential-

capacity models is an interesting open problem; it would
likely require treating a random-energy-model inner problem
within the dynamical equations.

F. From transient to stable retrieval

An intriguing question is whether transient retrieval can be
stabilized into persistent retrieval through additional mech-
anisms. Gardner et al. [40] suggested exploiting transient
retrieval in below-capacity networks to ultimately land the
system in a basin of attraction: “It might be possible after a
few time steps of parallel iteration to define a way of annealing
into a metastable state closer to the pattern.”

For above-capacity networks, where no basin of attrac-
tion exists, a concrete realization of a biologically motivated
stabilizing mechanism has recently appeared. In particular,
Del Gaudio et al. [62] leveraged the theory of coupled
neuronal-synaptic dynamics of Clark and Abbott [63], in
which Hebbian synaptic plasticity operates on a timescale
comparable to neuronal dynamics (see also Ref. [64]), to
show that such ongoing Hebbian plasticity can deform the
energy landscape during transient evolution, creating a stable
minimum where previously only a slow, but unstable, region
existed. The mechanism is analogous to a ball on a trampoline:
the network’s activity transiently visits the vicinity of a stored
pattern, as our results predict for the static-weight case, and
the fast plasticity simultaneously reshapes the local energy
landscape to trap the system there.

More broadly, the interplay between multiple dynamical
timescales in memory systems is an interesting direction [65],
and the stabilization of transient retrieval through fast synaptic
plasticity, as demonstrated by Del Gaudio et al. [62], is one
concrete example of what such interactions can achieve.

G. Structured patterns, generalization, and creativity

Most work on associative memory has aimed to retrieve
only previously stored patterns, treating spurious states as
failure modes. However, generalization requires the opposite,
namely, that the network develop new attractors correspond-
ing to patterns never seen during storage. Whether and how
such generalization emerges depends on the structure of the
stored data, and a growing body of equilibrium analyses has
begun to map out the possibilities.

Alemanno et al. [66] introduced a “supervised” Hebbian
learning rule in which the synaptic matrix is constructed
from class-mean patterns rather than individual examples,

054301-14



TRANSIENT DYNAMICS OF ASSOCIATIVE MEMORY … PHYSICAL REVIEW E 113, 054301 (2026)

establishing an equivalence of the resulting system with re-
stricted Boltzmann machines. When training examples are
noisy versions of underlying centroids, a generalization phase
emerges in which individual noisy examples do not form
attractors, but the centroids do. Agliari et al. [67] consid-
ered a related setting using random-matrix theory, studying
the eigenvalue distribution of the weight matrix built from
noisy examples, relating spectral properties to retrieval and
generalization. Mézard [68] analyzed Hopfield networks stor-
ing patterns that reside on a low-dimensional subspace using
a bipartite cavity method, where generalization corresponds
to attractors spanning the subspace. More recently, Kalaj et
al. [69] studied a related model with richer structure, the
random-features Hopfield model, where patterns are gener-
ated through a nonlinear projection of latent variables. In
the above-capacity regime, the network develops attractors
corresponding to previously unseen combinations of learned
features, namely, uniform combinations of subsets of features.
These would classically be considered spurious states, but
here correspond to meaningful points on the latent manifold.
Related behavior has been observed in the context of diffusion
models [70–72]. For dense associative memory models with
exponential nonlinearities, Achilli et al. [61] have studied ca-
pacity under a conceptually similar data manifold hypothesis
[73]; for patterns on a linear manifold, they showed analyt-
ically that the entire manifold becomes the sole attractor. In
each of these settings, what would classically be considered a
spurious state is instead interpreted as a meaningful general-
ization of the training data.

A separate line of work has modified the learning rule
itself to improve capacity or promote generalization. Fachechi
et al. [74], Agliari et al. [75] introduced a “dreaming” con-
struction for Hopfield network weights, defining a family of
interaction matrices parametrized by a “dreaming time” td
that interpolates between the Hebbian rule (td = 0) and the
pseudo-inverse rule (td → ∞), increasing the storage capacity
from αc ≈ 0.14 to αc ≈ 1. Agliari et al. [76] showed that
gradient descent on a regularized loss for Hopfield networks
yields this same family of interaction matrices, with td equal
to the inverse of the regularization hyperparameter. This op-
timization perspective reveals that moderate regularization
(intermediate td ) enables generalization, with attractors form-
ing at ground-truth centroids rather than individual noisy
examples (similar to the supervised Hebbian setting of Ale-
manno et al. [66]), while excessive regularization (large td )
causes overfitting. Serricchio et al. [77] introduced a distinct
iterative algorithm called “daydreaming” that simultaneously
reinforces stored patterns and erases spurious states at each
learning step. On correlated data, it exploits correlations to
increase storage capacity and basin sizes. Finally, D’Amico
et al. [78] showed that maximizing a pseudolikelihood at
zero temperature naturally produces an associative memory
that, for structured datasets, transitions from memorization
to generalization as training examples increase, developing
attractors for unseen data. In a related setting, D’Amico and
Negri [79] trained a recurrent self-attention network via pseu-
dolikelihood and observed that both training and test examples
appear as transient states of the dynamics.

All of the analyses described above are equilibrium or
static in nature. Extending the dynamical analysis of the

present paper to these structured and learned settings is a
natural open direction. On structured data, the transient dy-
namics studied here may take on new significance: rather than
transiently visiting the vicinity of a stored pattern before being
driven away, the system might transiently explore “generaliza-
tion regions” (centroids, feature mixtures, or latent manifolds)
that reflect the underlying data structure. The methods de-
veloped here could reveal how networks navigate structured
energy landscapes during retrieval, how dynamics interact
with hierarchical or compositional structure in stored data, and
whether transient retrieval properties are qualitatively differ-
ent when the landscape has been shaped by learning rules that
promote generalization.

More speculatively, one might view creative thought as a
dynamical process on a complex energy landscape shaped
by past experience, where the goal is not to converge to a
minimum corresponding to a previously stored memory, but
to explore the landscape’s structure in novel ways.

H. Outlook

We have considered noiseless dynamics throughout this
work. Understanding how noise affects transient retrieval is
an interesting direction. Reference [80] showed that temporal
correlations in noise can improve retrieval in the higher-order
spherical generalization of the Hopfield model of Ref. [49].

Finally, neuroscience experiments could attempt to test
whether biological neural networks exploit transient dynamics
for memory retrieval, as our results suggest they could. Ex-
perimental signatures of this phenomenon could be detected
through analysis of neural population activity during memory
tasks. Concretely, one could compute time-varying similarity
measures between population activity and stored memory pat-
terns, analogous to our overlap function m(t ). The presence
of transient retrieval would manifest as initial increases in
pattern similarity followed by slower decay. Observing this
in error trials would be a particularly compelling connection
to behavior.
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APPENDIX A: NUMERICALLY STABLE F (φ)

For φ(x) = tanh(x), F (φ) can be evaluated in a numeri-
cally stable manner using

F (φ) = 1

2
log(1 − φ2) + xφ (A1)

= log 2 + x − SoftPlus(2x) + xφ, (A2)
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FIG. 6. Effects of gain g and time step �t on transient retrieval
dynamics for the Hopfield model (n = 1). Three panels from left
to right show �t = 0.05, 0.25, 1.0. Transient-recovery curves are
shown for α = 0.05, 0.1, 0.14, with gain values g = 1.5, 3, 5 dis-
tinguished by different colors for each α. Axes show maximum
normalized overlap m̄max versus initial normalized overlap m̄init as
in Fig. 3. Curves for different gain values at the same α are closely
grouped.

where tanh x = φ and SoftPlus(x) = log(1 + ex ) has numeri-
cally stable implementations in common libraries.

APPENDIX B: FIXED-POINT MEAN-FIELD THEORY
AND CRITICAL CAPACITIES

For completeness, we derive the fixed-point mean-field the-
ory that yields the critical capacities reported in the main text.
Equilibrium properties of the Hopfield model were computed
using the replica method by Kühn et al. [18], and our results
for n = 1 should agree with this analysis. Here, we obtain the
fixed-point statistics for general n by taking the static limit of
our DMFT cavity equations. This analysis confirms that the
model reproduces the blackout catastrophe—the discontinu-
ous vanishing of the nonzero overlap solution.

For a single condensed pattern, the equilibrium single-site
equations result from removing time dependence from the
DMFT equations, yielding the self-consistent system

x = g√
α

ξmn + η + Fφ(x), (B1)

m = 〈ξφ(x)〉single-site, (B2)

Cφ = 〈φ2(x)〉single-site, (B3)

Sφ =
〈

φ′(x)

1 − Fφ′(x)

〉
single-site

, (B4)

where we have dropped the subscript 0 for brevity and set
σξ = 1. The cavity field variance and self-coupling kernel are
given by

Cη =
{

g2K2Cφ n = 1
(2n − 1)!! g2(Cφ )n n > 1, even,

(B5)

TABLE I. Critical capacities at g = 1.5.

Interaction order n Critical capacity αc (at g = 1.5)

1 0.13
2 0.080
4 0.0011
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FIG. 7. Demonstration of divergent behavior for odd interaction
orders. Mean and standard deviation of neuronal input inputi =

1√
α

∑
μ ξ

μ
i (mμ)n as functions of system size N for interaction orders

n = 1, 2, 3, 4.

F =
{

g
√

αK n = 1
n (2n − 1)!! g2Sφ (Cφ )n−1 n > 1, even,

(B6)

where for the Hopfield case (n = 1), we have defined

K = 1

1 − g√
α

Sφ
. (B7)

The single-site average 〈·〉single-site involves sampling ξ ∼
P(ξ ) and η ∼ N (0,Cη ), then solving for x according to the
nonlinear Eq. (B1).

With φ(x) = tanh(x), an issue arises when F � 1, as the
equation x = Fφ(x) + A (where A = g√

α
ξmn + η) can have

multiple solutions for a range of A values. This issue is
resolved in the replica approach by requiring that the cho-
sen solution minimizes a certain energy function [18]. There
should be a way to recover this prescription in the cavity
approach, making our equations agree with those of Kühn
et al. [18] for n = 1 in our theory and temperature → 0
in theirs, modulo self-interactions, but it is not immediately
obvious how to do this.

To sidestep this multiple-solution issue, we restrict our
analysis to g = 1.5, for which we find that F remains sub-
stantially below unity until the overlap solution m abruptly
vanishes with increasing α. This allows us to compute the
critical capacities where the high-overlap solution disappears
(Table I).

APPENDIX C: EFFECTS OF g AND �t

The transient retrieval phenomenology depends on the
model parameters g and �t . Figure 6 explores how varying
these parameters affects transient retrieval through transient-
recovery curves for the Hopfield model. Once g reaches
≈3 the curves largely converge. No clear trends are visible
regarding �t .

APPENDIX D: ODD n AND SCALING BEHAVIOR

To demonstrate the divergent behavior that occurs with
odd n, we compute synthetic neuronal inputs, inputi =

1√
α

∑
μ ξ

μ
i (mμ)n, where mμ = 1

N

∑
i ξ

μ
i φi and both ξ

μ
i and
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φi are independently and identically distributed ±1. We use
α = 0.01 and P = αNn. We compute this for each combina-
tion of N ∈ {25, 75, 125, 175} and n ∈ {1, 2, 3, 4}. The mean
and standard deviation of the neuronal input across the i index

for a single draw of all variables are plotted in Fig. 7. With
increasing N , the standard deviations remain flat (consistent
with proper scaling) for all cases except n = 3, which grows
linearly with N .
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