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In biological neural circuits, the dynamics of neurons and synapses are tightly coupled.
We study the consequences of this coupling and show that it enables a form of working
memory. In recurrent neural network models with ongoing Hebbian plasticity, we
find that following oscillatory stimulation, neurons continue to oscillate long after the
input is removed. This creates a dynamic form of memory that has no explicit storage
or retrieval phases and that requires no prior knowledge of the input. We trace the
mechanism of these “persistent oscillations” to an interaction between neurons and
synapses that creates complex outlier eigenvalues of the connectivity matrix. This is
shown both in simulation and analytically. We leverage this mechanistic understanding
to generate persistent oscillations with prespecified dynamics, creatinga dynamic analog
of a classical Hopfield network. Our work demonstrates that coupling neuronal and
synaptic dynamics enables novel forms of computation.

neural networks | synaptic plasticity | working memory | random matrix theory | nonlinear dynamics

Synaptic connections shape neuronal dynamics, and neuronal dynamics modify synapses
through activity-dependent plasticity mechanisms. The dynamics of neurons and
synapses are therefore tightly coupled. Nevertheless, classical neural network models treat
these processes separately, with models of neuronal dynamics typically assuming fixed
synapses (1-5) and models of learning and memory typically separating plasticity from the
dynamics of the network (6-9). Most efforts to study the computational functions of joint
neuronal-synaptic dynamics have limited their focus to purely presynaptic short-term
plasticity (10-14). However, experimental work has described forms of bidirectional,
associative plasticity over timescales not that different from those of purely neural systems
(15-19). Thus, it is interesting to ask what unique network functions are enabled by
ongoing associative plasticity (20-26).

In this paper, we study how recurrent neural networks with ongoing associative
plasticity respond to external stimulation. In this model, introduced by Clark and Abbott
(25), the synapses of a recurrent neural network evolve about random baseline strengths
according to a Hebbian rule (Fig. 14), and neurons and synapses fluctuate together on
comparable timescales. Importantly, plasticity influences neuronal dynamics not by creat-
ing entirely new dynamical motifs that erase the prior weights, but by interacting with and
sculpting a baseline connectivity. This requires the size of the synaptic fluctuations to be
small—i.e., individual synapses remain close to their baseline strengths (Fig. 1 B and C).

We study the response of such networks to a prototypical class of inputs, oscillations
(27). Our main finding is that the interaction of recurrent neural dynamics with Hebbian
synaptic dynamics creates oscillatory activity that outlasts the external stimulation for a
time much longer than the intrinsic timescales of the system. This is unexpected, because
Hebbian plasticity typically leads to fixed points, as in Hopfield models (6). We show that
Hebbian associative plasticity rules can generate these more complex dynamical patterns
as a result of the interaction between the static backbone connectivity in our model and
ongoing plasticity.

1. Results

1.1. Recurrent-Network Model with Ongoing Hebbian Plasticity and External Drive.
We study the recurrent-network model of Clark and Abbott (25) in which synapses
fluctuate around fixed, random baselines. The dynamic variables comprise /V neurons,
with preactivations denoted by x;(¢), together with N2 plastic synaptic weights 4;(z),
where 7,7 range from 1 to N. The neuronal variables evolve according to

dxl‘(t>

N
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Fig. 1. (A) Schematic of our modeling framework. (B) Neuronal dynamics of
two example units, x; and x;, from a network of N = 500 units during the
stimulation period (t < 0) and following input cessation (t > 0). Here and
in the remainder of the paper, we measure time relative to the moment
the input is turned off (gray dashed line) and in units of the neuronal time
constant of the network. (C) Dynamics of the corresponding synaptic weights
between these two units, Jj +Aj; () and Jj; +Aj; (). Fluctuations in the synaptic
weights (Jj; + Aj;(t)) (Inset, gray line) are small relative to the baseline weights
(/,-/-) (Inset, dashed line).

where the variables /;; are fixed random weights drawn from a

Gaussian with mean zero and SD g/ N (although our results
are expected to apply for non-Gaussian weight distributions as
well). These weights form the static backbone of the connectivity,
while the dynamic variables A (#) are fluctuations due to ongoing
plasticity. These are denoted in matrix form by J and A(#). The
function ¢(-) is a saturating nonlinearity mapping preactivations
to shifted and normalized firing rates, which we set to a hyperbolic
tangent, ¢(-) = tanh(-). In addition to the recurrent input from
other units, each unit receives an external input 4;(#), defined
below.

The time-varying component of the connectivity evolves
according to a “pre-times-post” rate-based Hebbian rule,

dAl" t k
P o+ L ppeis ).
Here, p sets the timescale of the synaptic dynamics relative
to the neuronal dynamics, and 4 determines the strength and
sign of the plasticity. We consider # > 0, corresponding to
a Hebbian (rather than anti-Hebbian) rule, and p > 1, so that
synapses evolve more slowly than neurons. Importantly, while the
static background connections, /j;, scale as 1/ VN, the plasticity-
induced changes to these connections, 4;;(z), scaleas 1/N. As we
focus on the large-/V regime, the plastic component is vanishingly
small relative to the static component. Such minuscule changes
in the synapses can, nevertheless, have dramatic effects on the
network dynamics due to network activity aligning to low-rank
structure present in A(#) (25).
In contrast to Clark and Abbott (25), we introduce a nonzero
external input 4,(¢) given by

hi(r) = {([)cos(Zﬂﬁ +6;)

with amplitude 7, frequency f, and neuron-specific phase
0;. We choose the phases randomly for each unit following

t <0,
t>0,

(3]
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Rajan et al. (27), though our results are qualitatively unchanged
when all phases are equal (6; = ).

1.2. Behavior of the Externally Driven, Plastic Network. We
first study the behavior of this model when the input is active,
t < 0. This extends the phenomenology studied by Rajan et
al. (27), which considered static synapses, to the model of Clark
and Abbott (25), which includes plastic synapses. Neuronal traces
are visualized in Fig. 2 A, i—iv (r < 0). When both the input
amplitude, 7, and plasticity strength, #, are small, neurons show
chaotic fluctuations with superimposed oscillations (Fig. 2 A,
i). As the plasticity strength 4 increases, the chaotic activity
progressively slows (Fig. 2 A, ii). This occurs because plastic
synapses create a positive feedback loop that slows the neuronal
dynamics and drags the network toward fixed points (25). In this
state, external input produces small oscillations atop the nearly
static activity. When the input amplitude 7 increases sufficiently,
the network transitions from this “small-oscillation” regime to a
state that contains both a stimulus-driven component and, due
to the recurrent connectivity, an intrinsically generated chaotic
component (Fig. 2 4, iii). As I continues to increase, the neurons
eventually become perfectly entrained to the input, eliminating
all traces of chaos (Fig. 2 A, iv and Materials and Methods).

1.3. Persistent Oscillations Following Input Cessation. The four
regimes shown in (Fig. 24) exhibit distinct behaviors following
input cessation at # = 0 (Fig. 2 A, i—iv, + > 0). Most notably,
the network can continue to oscillate after the input is removed
(Fig. 2 A, iii). The lifetime of these oscillations can exceed the
synaptic timescale, p, by an order of magnitude (Figs. 2B and
3A and Materials and Methods). The fact that these oscillations
persist for much longer than the intrinsic timescales of the
system indicates that they reflect a self-renewing process. We
demonstrate this in S/ Appendix, Fig. S1 by setting # = Oatz = 0
so that synapses continue to influence neurons, and continue
to decay, but neurons no longer influence synapses. In this
case, persistent oscillations are curtailed. These results show that
persistent oscillations involve oscillatory neural activity “feeding
back into itself” through ongoing synaptic weight changes.

We now describe the dependence of persistent oscillations on
system parameters. Here, and for the rest of the paper, we focus on
the regime in which synapses are slower than neurons (p > 1) and
where, without plasticity, the activity would be chaotic (¢ > 1)
(1, 25). As shown in Fig. 3B, the lifetime of persistent oscillations
grows supralinearly with p. For these oscillations to occur, the
input amplitude, /, must be large enough to avoid the small-
oscillation regime, but small enough to avoid eliminating the
influence of the recurrent connections on the dynamics
(Figs. 2 A, i and 3A4). That is, the activity must express a mixture
of input- and recurrent-driven features for persistent oscillations
to occur.

The fact that persistent oscillations are eliminated for large 7
shows that this phenomenon is not the result of a simple delayed
feedback loop between neurons and synapses. Indeed, one would
expect the opposite trend if this were the mechanism driving
persistent oscillations. We also note that the parameter regimes
in which persistent oscillations do or do not occur are distinct
from those defining the phases of chaos or oscillatory entrainment
described in ref. 27 (Fig. 2B).*

“That persistent oscillations can occur even when the activity is fully oscillatory is likely
because full entrainment does not imply that the recurrence plays no role. In particular,
near this phase transition, the recurrence still plays a large role in determining the
amplitude and phases of the units, so the neural activity expresses features driven by
both the inputs and the recurrence, leading to persistent oscillations.
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Fig. 2. Overview of model behavior. (A) Example traces at four different points of the parameter space. In each subplot, we stimulate a network for 200 time
units, after which point all inputs are halted. The duration of the stimulation is not essential, provided it is sufficiently long (S/ Appendix Fig. S2). Each line denotes
a single unit from the same network. (B) Lifetime of persistent oscillations as a function of k and / for networks with p = 25, g = 1.3, and f = 0.1. The black
line marks the transition from chaos to perfectly oscillatory activity during stimulation (Materials and Methods). Each point in the (k, /) plane corresponds to an

average over 50 networks of size N = 500.

We next consider the relationship between the frequency of the
input and the frequency of persistent oscillations (Materials and
Methods). As shown in Fig. 3C, there is a preferred frequency
band within which oscillations persist. Inside this band, the
frequency of the oscillations grows with the frequency of the
input. As the input frequency approaches the upper edge of
the band, the likelihood of generating persistent oscillations
rapidly falls. These findings imply that when oscillations persist,
they reflect the structure of the previously present inputs, with
faster inputs leading to faster persistent oscillations.

We expect these trends in the lifetime and frequency of
persistent oscillations to hold in the N — oo limit. While it
is possible to derive a dynamical mean field theory that describes
this limit exactly (25), we found that the resulting equations were
prohibitively difficult to solve numerically. Instead, we show in
Fig. 3 that all trends discussed above are identical in networks
with V.= 1,000 and NV = 5,000.

1.4. Complex Outlier Eigenvalues Underlie Persistent Oscilla-
tions. How does the connectivity matrix generate oscillations in
the absence of inputs? We begin by considering the eigenvalues
of the matrix J + A(#) at the time the input is turned off, # = 0.
We expect these eigenvalues to be predictive of the nonlinear
dynamics of the system, with large, complex eigenvalues leading
to oscillations.

This is indeed the case. In the parameter regime where
oscillations persist, the connectivity matrix develops a pair of
complex-conjugate outlier eigenvalues (Fig. 4 A4, 7, outliers). The
distribution of the remaining eigenvalues is a uniform disk in the
complex plane of radius g, which is the eigenvalue distribution
of an i.i.d. random matrix—i.e., the eigenvalue distribution for J
alone, without plastic modifications (Fig. 4 A and B, i, disk). In
the small-oscillation regime in which oscillations do not persist,
the connectivity develops a single large real outlier eigenvalue,
reflecting the neurons being continuously dragged toward fixed
points by the synapses (Fig. 4 B, i).

Of course, the connectivity is actually dynamic, and so too are
the outlier eigenvalues. The dynamics of the outlier eigenvalues
reflect the behavior of the network after the input is turned off.
As oscillations persist (Fig. 4 A, ii), the imaginary component of
the eigenvalues gradually falls to zero while the real part grows

PNAS 2026 Vol. 123 No.40 e2526156123

more positive (Fig. 4 A, 7ii). During this time, the oscillations
progressively slow, eventually stopping altogether around the
time the outlier becomes real. In S/ Appendix, Fig. S5, we
show that the instantaneous network frequency closely tracks the
imaginary component of the eigenvalue outlier through the entire
period following input cessation, providing further evidence that
outliers drive persistent oscillations.

The locations of the outlier eigenvalues largely determine the
lifetime and frequency of the persistent oscillations. To show this,
we sweep over a large number of model parameters and plot the
lifetime and frequency of the oscillations as a function of the real
and imaginary parts of the outlier at the time the input is turned
off (Fig. 4 C and D). In general, oscillations have a longer lifetime
when the outlier has a moderately large real part and have both
a higher frequency and a longer lifetime when the outlier has a
large imaginary part. That is, the imaginary component affects
both the lifetime and the frequency of the oscillations, while the
real part controls only the lifetime.

We now use this mechanism to generate persistent oscillations
that never decay. To do this, we freeze all synaptic dynamicsat r =
0, halting both Hebbian updates and synaptic decay (effectively
sending p — 00 as in ref. 25). This fixes the synaptic weights
and eigenvalue spectrum at their poststimulation values. With
plasticity frozen, oscillations induced by the outlier eigenvalues
persist indefinitely (Fig. 4E).

The emergence of complex-conjugate outlier eigenvalues is
surprising given that the Hebbian rule produces symmetric
updates to the weights (4(z) = A" (¢); Eq. 2), and symmetric
matrices have purely real eigenvalues. Moreover, for any low-
rank, symmetric matrix H = H " that does not depend on J, the
combined matrix J + H can possess only real outlier eigenvalues
in the large-/V limit (S/ Appendix, section 2.1; note that, in our
model, the plastic matrix A(¢) is approximately low-rank (25)
due to p being finite) (28). These outliers, if they exist, are simply
the (real) eigenvalues of H (SI Appendix, section 2.1).

Thus, for complex outliers to emerge, the plastic matrix cannot
be uncorrelated with the static background matrix J. Because A(¢)
is shaped by activity-dependent plasticity, complex outliers and
persistent oscillations can only occur when the activity expresses
features driven by both the external inputs and the recurrent
background connectivity, J. We visualize this in Fig. 4 A4, 7v,
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Fig. 3. Scaling of lifetime and frequency with model parameters. (A and B) Lifetime of persistent oscillations as a function of input amplitude / and synaptic
time constant p for networks with N = 1,000 (dashed) and N = 5, 000 (solid). Each point represents an average over 400 simulations for the small networks and
over 30 for the large networks. (C) Frequency of the initial phase of the persistent oscillation as a function of the frequency of the inputs. We define this “ringing
frequency” by the first peak in the power spectrum of the neuronal dynamics (Materials and Methods). When no peak is detected, we set the frequency to 0.
(D-F) In each subplot, we plot the activity of four example units from three different networks with increasing values of / and with all other parameters held
fixed (first 100 time units of stimulation not shown). When / is too low (panel D; | = 0.15), the network is in the small oscillation regime. When it is moderately
large (E; I = 0.75), the network expresses a mixture of recurrent- and input-driven features, and oscillations persist for a long time. Finally, as / continues to
increase (F; | = 1.2), the activity becomes increasingly dominated by the inputs, and the lifetime of the oscillations gradually decreases.

which demonstrates that in the persistent oscillation regime, A()
is aligned with the subspaces of eigenvectors of J corresponding
to complex eigenvalues (Materials and Methods).

In the following section, we demonstrate this idea by first
showing that a matrix built from eigenvectors of J is sufficient
for producing complex outliers and thus oscillations, and then
designing inputs that generate such a matrix via Hebbian
plasticity during the stimulation period.

1.5. Generating Targeted Persistent Oscillations. We now ad-
dress how the interaction between the static backbone, ongoing
plasticity, and oscillatory inputs can generate complex outlier
eigenvalues in the connectivity matrix. We first define a “target”
matrix 4 in terms of eigenvectors of J that, when added to J,
generates complex outlier eigenvalues and thus oscillations. We
then find a set of inputs that allow Hebbian plasticity to generate
such a matrix during the stimulation period, that is, stimulation

leading to 4(0) ~ A. This approach is similar to that of Hopfield
networks in which targeted inputs cause a network to express a

4of 10 https://doi.org/10.1073/pnas.2526156123

pattern of activity embedded in the synapses. Here, however,
the memory-related activity is dynamic, rather than static, and
memory storage is part of the dynamics of the model.

The target matrix is rank-two, real, and symmetric, given by

A =2aRe(yy'), (4]

where ¥ is a complex eigenvector of J, T denotes the complex
conjugate transpose, and a is a real scalar. We take W to be a
right eigenvector of J, that is, Jy = ny, with eigenvalue #. In
SI Appendix, section 2.2, we show that for any choice of J (i.e.,

not necessarily random), the combined matrix J 4+ 4 develops an
eigenvalue pair located at

A=Re(n) £i/Im(n)? — 2y TyP +a. 5]

In the large-V limit with J i.i.d. Gaussian, [y " y/|> < 1, so that
the above equation simplifies to

A=n+a, [6]

pnas.org
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(ii) Dynamics of 5 example units, x;(t), from the corresponding network (first 100 time units not shown). (iii) Dynamic trajectory of the real and imaginary parts
of the largest outlier eigenvalue of the network. (iv) Overlaps of the primary eigenvectors of the plastic A(t) matrix with each eigenvector of J at the time the
input is halted. Here we color each eigenvalue of J by the magnitude of the corresponding eigenvector's alignment with A(0) (Materials and Methods). In the
persistent oscillation regime, the plastic weights align with eigenvectors of J with complex eigenvalues. We return to this point in Section 1.6. (C and D) The
lifetime and frequency of persistent oscillations as a function of the eigenvalue outlier, with the expected disk-shaped eigenvalue bulk shaded in gray. We
simulated a set of networks over a range of parameters and plotted the resulting eigenvalue outliers, coloring by either lifetime (C) or persistent oscillation
frequency (D) and binning the final values (Materials and Methods). (E) Freezable persistent oscillations. Here, we halt the ongoing plasticity at t = 0, creating
persistent oscillations that never decay. This is a dynamic variant of freezable chaos-see ref. 25.

together with its conjugate. In other words, the matrix 4 translates
the eigenvalue # along the real axis; this translation is rightward
fora > 0.

Furthermore, we provide a stimulation protocol to create a
plastic matrix similar to A above. If the neuronal activations were
perfectly sinusoidal with ¢(x(¢)) = Re{we™} and p > 1/f,
Eq. 2 shows that the plastic matrix A(#) would converge to the A4
of Eq. 4 with @ = £/4N. Of course, the actual neuronal variables
are nonlinear, and it is in general not possible to force them to be
exact sinusoids. Nevertheless, we can stimulate the network with
such perfectly sinusoidal inputs given by

h(t) = IV N Re{y 2™, [7]
The factor of +/IN ensures that these inputs are of order one for

the conventional normalization Y_, |y;|> = 1. These sinusoidal

PNAS 2026 Vol. 123 No. 40 e2526156123

inputs have phases that are aligned with the chosen eigenvectors
of the static connectivity matrix, J.

As shown in Fig. 54, this eigenvector-aligned input selectively
amplifies specific complex-conjugate eigenvalues, translating
them rightward along the real axis and creating a complex outlier
pair that drives persistent oscillations. Fig. 5 Band C illustrate the
relationship between the lifetime and frequency of the persistent
oscillations and the target eigenvalue #. The lifetime is controlled
by both the real and imaginary parts of #, while the frequency
is controlled by its imaginary part alone. Using this eigenvalue-
targeting method, we can generate persistent oscillatory activity
with controlled lifetime and frequency characteristics.

The relationship between system parameters and persistent
oscillations is different in this eigenvector-aligned case than
in the random-phase case explored previously. Most notably,
with eigenvector-aligned inputs, we can use arbitrarily large
input amplitudes and still elicit persistent oscillations. This key

https://doi.org/10.1073/pnas.2526156123
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Fig. 5. Generating structured persistent oscillations with targeted inputs.
(A) Trajectory of a targeted eigenvalue. Here, we target an eigenvalue located
at A =1+ %i and track its trajectory during the stimulation period (blue)
and the stimulus off period (red). As in previous figures, t denotes the time
from the moment the stimulation is halted. (B and C) Lifetime and ringing
frequency as a function of the targeted eigenvalue. The real part affects the
lifetime, while the imaginary part affects both the lifetime and the frequency
of the evoked oscillation.

difference arises because the stimulus is now explicitly correlated
with the random recurrent connectivity. Consequently, even
when network activity is input-dominated, the plastic matrix
A(t) still develops correlations with the random backbone, J.

We can show analytically that, with eigenvector-aligned inputs
and taking p, /, and 1/f large with p > 1/f, the resulting
eigenvalue outliers following a sufficiently long stimulation
period are approximated by

4k
PESY Eaas [8]
T

and its conjugate A (S Appendix, section 3.1), if || > g
(otherwise no outliers exist). The coefficient 4/72 results from
the effects of the nonlinearity ¢(+). This expression indicates that
the eigenvalue outlier—and thus the lifetime and frequency of
the targeted oscillation—depends only on the plasticity strength
k and the targeted eigenvalue #. Eigenvector-aligned inputs
therefore enable persistent oscillations with arbitrarily large input
amplitudes /, while also making these oscillations insensitive to
the exact input frequency f. Instead, the oscillations depend on
the targeted connectivity mode encoded in the pattern of input
weights across neurons.

These results demonstrate that targeted inputs decouple
stimulus-evoked dynamics from the persistent dynamics that
follow. What matters is the “spatial” pattern of the inputs across
neurons (i.e., their alignment with a particular eigenvector), not
their temporal structure. We show an extreme example of this in
SI Appendix, Fig. S4, where we evoke persistent oscillations with a
single biphasic pulse rather than sustained oscillatory drive. This
behavior differs from the random-phase case, in which input
amplitude and frequency affect the persistent oscillations that
follow (Fig. 3).

In the next section, we analyze the random-phase case and
show that it too involves eigenvector alignment, unifying the two
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cases. We note, however, that eigenvector alignment may not be
the only route to complex outliers; other low-rank perturbations
of J could produce them as well, a possibility we leave to future
work.

1.6. Analytical Solution for Random Phases: Outlier Location
and Eigenvector Alignment. How do complex outlier eigenvalues
emerge in response to random-phase oscillatory input (Fig. 4),
and is this mechanism related to the eigenvector alignment for
targeted inputs described above? To answer these questions, we
obtain an analytical approximation for the plastic matrix A(0)
and its resulting outlier eigenvalues as a function of the model
parameters. This approximation reveals that the random-phase
case also involves alignment between A(0) and the eigenvectors
of J, unifying the two cases.

To motivate our analysis, note that the key features of the
dynamics during stimulation are that x;(¢) is 1) driven by the
input 4,(¢), and 2) also influenced by J (Fig. 2). We reasoned
that these features could be captured by a linearized model in
which we make the approximation ¢(x;(¢)) ~ yx;(¢), with a gain
parameter y that is set heuristically (57 Appendix, section 3.2).

As described in ST Appendix, section 3.2, this approach yields
the following approximation for the dynamics of the activations:

b(x(2)) ~ VNIRefWc?), [9]
where‘l’:N_l/Z(vIN —])_1ei9. [10]

Here, ¢ is a vector with elements ¢ with 6; being the phase
of the input to neuron 7, Iy is the identity matrix, and v is a
complex scalar that depends on system parameters (see Materials
and Methods for the full expression).

Expanding the above equation in powers of J, we find that the
parameter v measures the degree to which the neuronal dynamics
are influenced by the recurrent connectivity. For large values of
|v|, the variables ¢(x;(#)) are dominated by the inputs, while
for |v| close to g—i.e., for v close to an eigenvalue of J—the
recurrence plays a large role in shaping the dynamics.

Under this approximation, the plastic matrix converges to a
static matrix during the stimulation period. Following stimula-
tion for a time much longer than the synaptic timescale p, and
given synapses slower than the inputs p > 1/f, the plastic matrix
is

A(0) ~ 2a Re {\Il\lﬁ} , [11]

where @ = kI?/4. Note the similarity of this expression and
Eq. 4, the difference being that, in this case, ¥ is not an
exact eigenvector of J. Nevertheless, this expression incorporates
information about both the recurrent connectivity, J, and the
input structure both through W and because the value of v
depends on the input’s amplitude and frequency (Materials and
Methods).

We calculate the outlier eigenvalues of the matrix J + F(J)
for a class of F(J) that includes the approximate A(0) given by
Eq. 11. Using a diagrammatic method, we show that if |v| > g,
then the outlier eigenvalues are (SI Appendix, section 2.3)

2

gV a
a=8r4 T 12

V2 v? — g2 (12l
and its complex conjugate, unless [A| < g, in which case no
outliers exist. Note that while the steps leading to the formula for
A(0) in Eq. 11 are approximate, given such a matrix, the above
equation for the outlier eigenvalue pair is exact in the large-V
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limit. Eq. 12 is similar to Eq. 6 with v playing the role of #; both
have an a-dependent term contributing to the real part of the
eigenvalue.

In the SI Appendix, section 3.2, we derive an additional
condition describing the transition between the small oscilla-
tion and persistent oscillation regimes (Materials and Methods,
Eq. 19). This condition implies |v| > ¢ whenever oscillations
persist, justifying our application of the above formula. We
confirmed that Eq. 12 approximates the outliers observed in
the simulations of Section 1.4 (SI Appendix, Fig. S84) and
that the transition boundary approximates what we observed in
Fig. 2 (81 Appendix, Fig. S9B). We emphasize that although this
approximation captures the qualitative features of this model, it
does not yield quantitatively exact results, particularly near the
boundary between the small and persistent oscillation regimes
(Fig. 2).

We now trace the phenomenology of persistent oscillations
for random-phase input back to our formula for the eigenvalue
outliers. First, we note that, when / > g, /—i.c.,, when
the inputs dominate the recurrence—we find that [4] < g
(Materials and Methods), so that no outliers exist. Conversely,
when 7 is excessively small, we find that our calculation correctly
predicts that the network will be in the small oscillation regime
(Eq. 19). This accounts for the observed amplitude dependence
of persistent oscillations: the amplitude must be weak enough to
allow for dynamics to reflect contributions of the recurrence, but
strong enough to avoid the small oscillations regime (Figs. 2 A4,
ii and 3).

Turning to the input frequency, we find that outlier eigenval-
ues only form within a preferred input frequency band. Within
this band, the imaginary component of this eigenvalue oudlier
generally increases with the input frequency, which explains why
faster inputs generally lead to faster persistent oscillations (Fig. 3C
and SI Appendix, Fig. S9A). These results emphasize that in this
setting, the network learns to generate persistent oscillations that
reflect the structure of the inputs, in contrast to the targeted
inputs of the previous section.

Although the vector W is not an eigenvector of J for |v| > g,
it overlaps with a small number of J eigenvectors (SI Appendix,
section 3.3). To show this, we calculate the normalized overlap:

[P >
= (—L " , 13
< <|I‘I’IIIU‘P||],9 3l

which is 1 when W is an eigenvector of J and is 0 for a
random ¥ which is uncorrelated with J. We show that Q — 1~
in the limit |[v| — g™, so that the vector ¥ becomes an
eigenvector of J (SI Appendix, section 3.3). For intermediate
values of Q, W is partially aligned with an eigenvector of J; such
intermediate values of Q are found in the parameter regime in
which oscillations persist (ST Appendix, Fig. S9C). Numerically,
we validate this by measuring the alignment between the leading
eigenvectors of A and each eigenvector of J (Materials and
Methods). As shown in Fig. 4 A-B, iv, we find that this projection
localizes around a few complex eigenvalues in the persistent
oscillation regime. Thus, the plastic matrix and neuronal activity
aligns itself with eigenvectors of the static background, /, in the
persistent oscillation regime.

This is similar in spirit to what we found for targeted inputs
with the key difference that the eigenvalue-eigenvector pair to
which the network aligns itself is determined by the frequency
and amplitude of the input. In a sense, the stimulus causes the
network to express a pattern of activity, already embedded in the
background connectivity, possessing dynamical properties that
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match those of the input. That is, the network anchors the input
to preexisting modes of the connectivity.

2. Discussion

We have shown that an ongoing Hebbian plasticity mechanism
can learn to generate persistent oscillatory patterns of activity
in response to both random and structured input. Classical
models of working memory invoke Hebbian plasticity to explain
persistent static activity that bridges temporal delays in working
memory tasks (11-13,29-31). In these models, it is assumed that
neurons with similar tuning profiles have excitatory recurrent
connections between them, and this is justified by an appeal
to Hebbian plasticity. Subsequent stimulus presentation leads
to reverberating excitation between similarly tuned neurons,
stabilizing the evoked activity patterns (30, 32). Our work differs
from these models in two important ways. First, the patterns
of persistent activity in our model can be learned “on the fly,”
in response to arbitrary input, rather than being burned into a
prespecified connectivity scheme. Second, our model produces
oscillatory rather than static persistent activity patterns. Many
experimental studies report complex dynamical activity patterns
following stimulus cessation during working memory tasks that
do not align neatly with the picture of sustained firing (33-37).
Our results suggest that such complex persistent patterns could be
generated by Hebbian plasticity processes that underlie canonical
working memory models.

The vast majority of theoretical models of learning involve
strong plasticity introducing entirely new dynamical patterns into
a neural network (6-9). In our model, plasticity affects ongoing
neuronal dynamics by manipulating a dynamical reservoir pro-
vided by the static backbone connectivity. Previous work suggests
that this could be the operating regime of many biological
networks. For example, studies using brain—computer interfaces
have found that neural circuits in the motor cortex can only
learn patterns of activity that lie within a constrained dynamical
repertoire (38, 39), and studies in the hippocampus and sensory
cortex have found that correlations in the activity patterns
between neurons remain remarkably stable, even after periods
of learning or across different task conditions (40-44). These
results suggest that plasticity and learning occur by adjusting
preexisting connectivity structures, rather than creating entirely
new dynamical motifs from scratch. Our results emphasize that
even microscopic changes in synaptic weights can have dramatic
effects on neuronal dynamics and that interactions between
preexisting structure and ongoing plasticity can lead to novel
forms of neural computation.

In our model, plasticity exerts a significant impact on network
dynamics even though the size of the weight updates is small.
Indeed, the elements of the plastic matrix Ajj scale as 1/V, while

the individual baseline connections /j; scale as 1/ V/N. These
small plastic updates can still influence neuronal dynamics when
activity aligns with the low-rank structure of the plastic matrix
(25). For example, low-rank matrices with elements scaling as
1/N can produce order-one eigenvalue outliers when added to
J (SI Appendix, section 2). In general, across different learning
rules, there should be a relationship between the rank and the
scale of plasticity-induced connectivity, an interesting topic for
future study.

How might the persistent oscillations we describe relate to
studies of oscillatory brain activity? Previous studies have reported
persistent oscillations in neural activity following exposure to a
periodic stimulus (45-49), and other studies have found that
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single neurons can phase lock to oscillations in the local field
potential during working memory tasks (50-52). These findings
have sometimes been interpreted as evidence that the circuits
being studied have an intrinsic tendency toward oscillation
(45, 48). Our results suggest that the situation may be more
complex. Our networks have no a-priori oscillatory structure
embedded in them, and in the random-phase case, no relationship
to the stimulus. Yet, ongoing plasticity leads to persistent
oscillations within preferred input frequency bands (Fig. 3C). A
clear signature of such plasticity-induced oscillations is a decaying
frequency over time (S/ Appendix, Fig. S5). This pattern cannot be
explained by simple underdamped oscillator models. Observing
such a slowing down in biological neural networks would suggest
that plasticity induces persistent oscillations.

In the spirit of classical models of associative memory, we used
targeted inputs to generate structured persistent oscillations (6).
More precisely, we aligned the phases of the oscillating inputs to
a specific eigenvector of the background connectivity matrix, J.
This process is similar to classical Hopfield models of associative
memory in which a set of random patterns are embedded into
a connectivity matrix and then evoked using pattern-aligned
stimuli. In this way, the static backbone J encodes a “dynamical
repertoire” of patterns that can be evoked through stimulation.
We present evidence in S/ Appendix, Fig. S6 that this form of
memory is extensive in the number of units.

The key difference between our model and Hopfield
networks is that the synapses of our model are not held fixed.
It is this feature that allows us to generate oscillatory, rather than
static, memory patterns. Moreover, unlike Hebbian models for
sequence storage (8, 9), our networks use ongoing plasticity to
generate memory-related activity patterns, rather than discrete
learning epochs. That is, we do not require learning episodes in
which a pattern is written into the network prior to stimulation.
Ongoing plasticity allows the network to generate persistent
oscillations in response to inputs that the network has never
seen before by anchoring the inputs to preexisting modes of the
static connectivity (Section 1.6).

The Hebbian mechanism for persistent oscillations we studied
may provide various functional advantages. Previous experimen-
tal work suggests that neuromodulators and other factors may
gate or modify the strength of ongoing plasticity processes (53). A
previous study (25) examined static memory in the same network
model we analyzed here. In a particular parameter regime in
which the full network dynamics are chaotic, if synapses are
frozen by halting plasticity, the network remains at a fixed point
very close to the state it was in at the time of the freezing. In other
words, any static state of the network can be held or remembered
indefinitely by halting synaptic dynamics. Here we extend this
form of memory across a richer dynamic range. Driving a similar
network evokes a range of oscillations that persist indefinitely
in the absence of input if synaptic plasticity is halted, freezing
the synapses (Fig. 4F). This is essentially a form of input-
driven reservoir computing in which a particular mode of the
rich dynamics inherent in random network connectivity can be
extracted by an input and then remembered indefinitely through
the gating of plasticity. Such a computation could be useful
for the maintenance of a dynamically extended memory or the
generation of a rhythmic motor command. As another example
of modulating plasticity, in S/ Appendix, Fig. S4, we altered 4
to induce persistent oscillations in networks that otherwise lie
far outside the parameter regime in which this would otherwise
occur.

Drawing from previous models of working memory (12), it
would be interesting to design classes of J matrices from which

https://doi.org/10.1073/pnas.2526156123

ongoing plasticity can pull out more complex dynamical motifs
through targeted stimulation. It may be that by choosing J
appropriately, rather than randomly, one can design a network in
which plasticity “pulls out” the appropriate patterns when cued
with suitable transient stimulation. We leave this possibility to
future work.

Opverall, our work demonstrates that understanding memory-
related neural activity may require modeling synaptic and
neuronal dynamics together. Separating synaptic from neuronal
dynamics, while convenient, can obscure basic functions of a
circuit.

3. Materials and Methods

3.1. Simulation of Plastic Networks. We simulated the full neuronal-synaptic
dynamics in Egs. 1 and 2 using a fifth order Runge-Kutta (RK) solver with an
adaptive step size. Specifically, we used the GPU-accelerated implementation of
Tsitouras' 5/4 method in Diffrax (54). We set the absolute and relative tolerance
of the solver to 10~. In S/ Appendix, Fig. 53, we show that over a small subset
of the parameters examined in the above figures, the lifetime and frequencies
one obtains are left unchanged after increasing this precision by two orders of
magnitude.

Unless stated otherwise, networks were run for 700 time units with the input
lasting for the first 200 time units and with the parameters p = 25,9 =
1.3,f = 0.1. In all analyses considered in the main text, the inputs h; were
present from the start point of the simulation. As shown in S/ Appendix, Fig. S2,
this was not an essential choice. So long as an initial strong stimulation is given
to the network to break it out of the small oscillation regime (Fig. 2 A, ii), the exact
choice of initialization appeared to have little to no effect. Moreover, we show
in SI Appendix, Fig. S2 the lifetime of the persistent oscillations is unaffected
by the amount of time the network is stimulated provided that the stimulation
time is sufficiently long, a factor which scales with p.

3.2. Chaos to Entrainment Transition. To calculate the entrainment to chaos
transition line depicted in Fig. 2B, we used a bisection approach. For each
value of k, we calculated the critical / above which more than half of a
batch of 9 networks were fully entrained. We simulated networks of size
N = 500 for 5,000 time units, with hyperparameters ¢ = 1.3,f = 0.1,
and p = 25. Networks were considered fully entrained when the average
autocovariance function of the preactivations, A(t — t') = (x(t)x(t')), had
a sinusoidal shape with no signs of decay between peaks. Numerically, we
required that each peak of the autocovariance was within a distance of
e = 1073 from all others. After obtaining critical / values for each k, we
smoothed the resulting transition line using a cubic spline.

3.3. Lifetime and Frequency of Persistent Oscillations. We used the power
spectrum of the network activity to measure the lifetime of persistent oscillations.
Specifically, we calculated the average power spectrum of the preactivations over
windows of width of 40 time units. A network was defined as oscillating at a
certain time if the power spectrum of the preactivations within that window had
a significant peak, defined as a point in the power spectrum that was 10"
greater than adjacent points. We defined the lifetime of persistent oscillation as
the time it took for the power spectrum to stop having any significant peaks. We
show an example of this in S/ Appendix, Fig. S3.

We used a similar approach to measure the frequency of the persistent
oscillations. Specifically, we calculated the power spectrum of the preactivations
over a slightly smaller window of size 37.5 time units. The frequency of the
ringing was then defined as the slowest frequency that had a significant peak in
the power spectrum, where a significant peak was defined as above. If no such
peak was detected, we simply set the ringing frequency to 0 in Figs. 3-5.

3.4. Lifetime and Frequency as a Function of Outliers. We obtained the
results shown in Fig. 4 C and D by considering a small three-dimensional grid
of I, k, and f values. For each combination of parameter values, we simulated
a batch of 50 networks, each of size N = 500, and calculated the eigenvalues
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of J 4+ A at the time the input was halted, as well as the lifetime and frequency
of the resulting persistent oscillation. To obtain the results in Fig. 4, we first
formed a two-dimensional grid with the minimal and maximal x and y set equal
to the minimum and maximum of the real and imaginary parts of the observed
outlier eigenvalues, respectively. We then used Nadaraya-Watson smoothing
with a Gaussian kernel to interpolate the lifetime and frequency of the persistent
oscillations as a function of the outlier eigenvalue. Finally, because the outlier
eigenvalue distribution was highly nonconvex, we masked out points on the
grid which were further than a distance of 0.1 from any observed eigenvalue.
The results shown in Fig. 4 were generated by binning the resulting expected
lifetime and frequencies.

3.5. Eigenvalue Outlier and Transition Formulae. Inthissection, we present
the full formulae for the analytical results described in Section 1.6. See S/
Appendix for the full derivations. Recall that when an outlier eigenvalue pair

forms in response to random-phase inputs, its value is given by
2
g°v a
= =+ —— [14]
V2 " v —¢?

together with its conjugate. In this expression, the values of a and v are
given by

K 4o k()
H—T, V= " _T [15]
The value of y is

p (1+w?)¢
I R . 17
{=g +¢(/) B [17]

kep(1

ﬁ:%), [18]

and w = 2xf. We plot the behavior of v as a function of the input parameters,
f and I 'in SI Appendix, Fig. S9A. Here, we make two observations based on
the form of these equations. First, it is clear that the imaginary part of the
outlier is determined by the term gZv/|v|2. From the above expression, we
can see that v grows with /. This implies that the imaginary component of the
eigenvalue will decay as inputs grow, explaining why we do not find persistent
oscillations in response to strong inputs. Second, we note that the imaginary
component of v is given by i2zf/y, and in many parameter regimes, Im(v)
grows with f (S Appendix, Fig. S9A). Thus, faster inputs generally lead to
outliers with largerimaginary part. This explains why the frequency of persistent
oscillations increases with the frequency of the inputs, within some admissible
band (Fig. 3C).

In addition to this formula for the eigenvalue outlier A, we approximate the
transition from the small oscillation regime to the persistent oscillation regime.
As described in more detail in S/ Appendix, the idea behind this calculation
is to note that the constant component of the activity is typically large in the
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small oscillation regime and 0 in the persistent oscillation and input dominated
regimes (Fig. 24). We therefore identify the small oscillation regime with the
parameter configurations that admit a nonzero time-independent component.
Under our approximations and for J i.i.d. random with mean zero and variance
g% /N, we find that this is equivalent to:

1sg+ﬂ‘ [19]
Y

As shown in SI Appendix, Fig. S9B, this approximates the transition between
these two regimes well. Moreover, since |v| > % — B, this implies that in the

persistent oscillation regime, |v| > g, which allows us to apply the results of S/
Appendix, section 2.3 to estimate the eigenvalue outlier.

3.6. Eigenvector Overlaps. In Fig. 4, iv we calculated the alignment between
the plastic matrix, A(t), and the eigenvectors of the random backbone, J, at the
time the input is turned off, t = 0. To do this, we first performed a spectral
decomposition of A(0), and we recorded the two eigenvectors with the largest
eigenvalues, u, v € RN, This was motivated by our analytical approximation in
which A(0) is exactly rank two. Next, we calculated the principal angle between
the subspace spanned by u and v, compared with the subspace spanned by the
real and imaginary parts of each eigenvector of J. That is, given an eigenvector
e =u' + iv of J, we calculated:

/ /
TI(MTM), where M= <s . Z, ‘;;) : (20]

In Fig. 4, iv, we color each eigenvalue of J by the corresponding overlap value.
This measure captures the alignment between the leading eigenvectors of A(0)
and each eigenvector of J.

3.7. Targeted Oscillations. Forthetargeting resultswe describein Section 1.5,
we drew 5,000 different random backbone matrices J with N = 500. Then,
for each random J matrix, we chose a random eigenvalue, formed oscillatory
inputs following Eq. 7, and stimulated the networks for 200 time units, followed
by a period without stimulation lasting 500 time units. For these analyses, we
used | = 6,k = 3,p = 25,f = 0.1, and g = 1.3. After simulating the
networks, we calculated the lifetime and frequency of the resulting persistent
oscillation.

Data, Materials, and Software Availability. Code and simulation data to
reproduce all results are available at https://github.com/awakhloo/dynamic-
memories and https://doi.org/10.5281/zenod0.21499172 (55).
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